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Abstract—A numerical analysis of the phase-matching conditions during the incidence of one or two coun-
terpropagating laser beams on an ordered array of single-walled carbon nanotubes (CNTs) is performed. The
conditions for the generation of slow surface plasmon waves of the terahertz (THz) and far infrared range
propagating along the nanotubes of the irradiated array are determined. It is shown that the plasmon fre-
quency can be controlled by changing the angle of incidence of laser radiation on the structure under study.
Thus, it is possible to fulfill the condition of longitudinal resonance, in which each array nanotube is a dipole
antenna radiating at the plasmon frequency. In this case, the array forms a system of a large number of in-
phase emitters, which allows increasing the efficiency of conversion of laser radiation into THz radiation in
comparison with a single nanoantenna.
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INTRODUCTION
Currently, the development of compact terahertz

(THz) radiation generators operating at room tem-
perature is an urgent task. Such generators could find
practical applications in spectroscopy, safety systems,
medical diagnostics, and other fields of science and
technology [1, 2].

In modern solid state THz radiation sources, para-
metric interaction of a laser pulse with a semiconduc-
tor structure is usually carried out [1–5]. Semicon-
ductor quantum cascade lasers in the THz range oper-
ate only at cryogenic temperatures and do not possess
the possibility of significant frequency tuning. Gas
lasers, although they operate at room temperature, are
also not able to significantly tune the radiation wave-
length. THz radiation sources created on the basis of
femtosecond lasers have an extremely wide emission
spectrum (of the order of 1 THz), as a result of which
only a small part of the energy is converted to THz
radiation, usually the conversion efficiency does not
exceed 10–3 [3–5].

It is possible to increase the conversion efficiency
of laser radiation into THz by going on to conversion
in a continuous mode. Also, to increase the efficiency,
the target may contain various plasmon structures.
One of the promising directions for creating THz gen-
erators is the use of arrays of carbon nanotubes

(CNTs) and nanocomposites based on them, irradi-
ated with continuous laser radiation. The combination
of a large number of unique properties of CNTs in
combination with their geometric dimensions makes
them promising when considering the generation of
THz (and microwave) radiation [6–16]. The proposed
applications of CNTs as emitters of electromagnetic
waves are based on the fact that CNTs can act as a
transmission line (waveguide) supporting the propa-
gation of a surface electromagnetic wave [7, 11–13,
17–22]. An important feature of generating a submil-
limeter wave array of CNTs is the need for significant
(by a factor of over 100) deceleration of the surface
waves compared with the speed of light in a vacuum.

In this paper, we consider the generation mecha-
nism under the influence of laser radiation of slow sur-
face plasmon polaritons (PPs) in arrays of single-
walled CNTs. Plasmon waves generated in a CNT
array by one or two laser beams can be considered as
antennas providing the generation of radiation in the
submillimeter range. The conditions for the genera-
tion of PPs in similar structures are obtained using
laser radiation at a wavelength of 1.06 μm, which
employs the most common and affordable fiber and
solid-state laser sources with high average and peak
powers.

Two generation schemes will be considered in this
work.

(1) The use of an array of two laser sources with
slightly different frequencies for exciting slow PPs in

Abbreviations: CNT—carbon nanotube; PP—plasmon polari-
tons; THz—terahertz.
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ARRAYS OF CARBON NANOTUBES 17
CNTs. In this case, the corresponding slow PP is gen-
erated at a difference frequency.

(2) Slow PPs are excited in a CNT array under con-
ditions of the interaction of narrow-band laser radia-
tion (incident and diffracted waves) with periodically
located CNTs. In this case, the self-decay (of the type
of parametric three-photon interaction in a periodic
structure) of the initial laser wave into a diffracted
wave and a PP on the surface of the nanotubes is con-
sidered.

Both in the first and in the second cases, the phase-
matching conditions of the corresponding wave pro-
cesses should be realized.

PHASE-MATCHING CONDITIONS
We consider a two-dimensional ordered array of

identical single-walled CNTs of radius  located par-
allel to each other (Fig. 1). A laser beam of frequency

 with wave number  (s is the speed of light
in a vacuum) falls on the structure at angle  to axis x
(normal to the axis of symmetry of the tubes). The
laser field will be approximated by a plane wave of TM
polarization. For a given polarization of the incident
wave, there is a component of its electric field directed
along the axes of the tubes (axis ). Its presence is a
necessary condition for the occurrence of the longitu-
dinal component of the current density vector f lowing
over the surface of the tube and the excitation of a
slowed-down surface wave guided by the tube acting as
a waveguide [7, 11, 17–22].

In the first version, this scheme will be considered
under the conditions of two-beam excitation, when
the second (incoming) laser beam with a different ,
albeit, close to its frequency of  falls onto the CNT
array at angle  (Fig. 1a). In this case, PP generation
in nanotubes occurs at a the difference frequency

 In this case, the phase matching condi-
tion is written as

(1)

where , and  is the wave number of the PP
excited in nanotubes. We can ensure compliance with
condition (1), for example, by choosing the desired
angle  at a fixed angle of incidence of the reference
beam 

The second (less technically complicated) scheme
can be implemented in the presence of only one laser
beam (Fig. 1b); however, this requires the strict peri-
odicity of an array of parallel CNTs. The array is in this
case a diffraction grating with period  (  is the dis-
tance between adjacent nanotubes). A diffracted beam
of reduced frequency  has a wave vector of
magnitude , at angle  to axis . The Bragg
diffraction condition, taking into account the genera-
tion of PPs excited at the difference frequency Ω and
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propagating along the tubes (axis ) with wave vector 
has the form

(2)

where q is the wave vector of the periodic structure
(   is the order of diffraction). Further, we
will take into account only diffraction beams of the
first order with 

In projections on axes x and z, the introduced coor-
dinate system (2) will be written as

(3)

For a real array of CNTs, it is rather difficult to
ensure the periodicity of the irradiated structure.
However, in the case of an unordered but sufficiently
dense array, the condition of phase synchronization
will be satisfied for a certain number of tubes, the
arrangement of which satisfies (3).

DISPERSION RATIO
In order to solve and analyze phase relationships (1)

and (3), it is necessary to have a dispersion ratio, i.e.,
dependence β(Ω) for the PP wave vector propagating
along the tubes. There are various approaches to solve
the electrodynamic problem of the propagation of a sur-
face wave in a waveguide formed by CNTs [7, 18–24];
however, but dispersion dependences obtained in this
way are in close agreement with each other. In this
work, we use the dispersion relation for a surface TM
wave in a metal single-walled CNT without losses,
given in [19]:

(4)

where  is the dielectric constant,  and 
are modified Bessel functions of the 1st and 2nd kind,
and  is the longitudinal component of the conduc-
tivity tensor of a metal single-walled CNT:

(5)

where  is the equilibrium surface density of -elec-
trons in CNTs,  is the elementary charge, and  is
the effective mass of the electron.

For the relation  in (5), the following esti-
mate was obtained in [25]:

where  is the Planck constant and  is the Fermi
velocity, the value of which for metal single-walled
CNTs is estimated as  m/s [20].
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Fig. 1. Geometry of the problem: generation of PP in a CNT array upon irradiation with two (a) and one (b) laser beams.
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Next, we analyze the conditions for the existence
of solutions of Eqs. (1) and (3), and their numerical
analysis is carried out taking into account ratio (4)
for various values of the angle of incidence of the ref-
erence laser beam in the range of its values of

.° ≤ θ ≤ °10 90
RUS
RESULTS AND DISCUSSION

A. Two-Beam Scheme

The results of the numerical analysis of condition (1)
for a two-beam scheme are presented in Fig. 2, where
we show the dependence of the angle of incidence 2θ
SIAN MICROELECTRONICS  Vol. 49  No. 1  2020



ARRAYS OF CARBON NANOTUBES 19

Fig. 2. Dependences of the angle of incidence of the second laser beam on the difference frequency: (a) for  = 1 nm,  = 15°,
30°, 45°, 60°, 75° and 90° (1–6); (b) at θ1 = 45°,  = 0.5, 1.5, 2.5 nm (1–3).
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of the second beam on frequency  of the PPs excited
in an array of nanotubes. The calculations were carried
out at fixed values of the angle of incidence , taking
into account relation (4).

In Fig. 2a, the dependences  are shown for
different values of the angle of incidence  at a fixed
value of the nanotube radius of  = 1 nm. It can be seen
that angle  decreases with increasing frequency  and
when the values of angle  are not excessively large the
sign can change (the direction of reading angle 
shown in Fig. 1a is considered positive). Note the lin-
ear nature of the presented dependences, which is vio-
lated only at sufficiently large angles of incidence 
(starting at about 60°) for low frequencies of  from
the studied range.
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In Fig. 2b the dependences  are given for dif-
ferent values of the radius of nanotube  at a fixed
angle . It can be noted that value  weakly
affects the course of dependence, and with a decrease
in frequency , its influence becomes insignificant.
Thus, this scheme can be practically insensitive to pos-
sible variations in the transverse dimensions of indi-
vidual nanotubes of the array.

B. Self-Decay of the Laser Beam

We will look for roots  and  of system (3)
depending on the angle of incidence  of the laser
beam on the structure at a fixed value of the lattice
period . From the first and second equations of sys-
tem (3), we get the expressions for the cosine and sine
of the desired angle :
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1 45θ = ° a

Ω

2θ Ω
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(6)

(7)

from which the following relation follows:

(8)

By numerically solving (8), we find , and then
from (6) and (7), we find angle .

Some important regularities of the laser beam’s
self-decay process can be obtained analytically using
the approximation  Then Eq. (6) takes the
form

(9)

where  is the wavelength of incident radiation. When
, the condition , bounding the the value

of the grating period from below follows from (9). It is
also seen that the situation with  is possible only
with 

Now rewriting (7) in the approximation  as

after taking (9) into consideration, we can obtain the
size  of the PP’s wave vector:

(10)
Figure 3 shows the results of a graphical solution of

Eq. (8) regarding variable  in several special cases for
an array of nanotubes of radius  = 1 nm. First, con-
sider the situation  which admits two special
cases differing in the sign of parameter . It should
also be noted that relation (10) allows the possibility of
two signs of the wave number , i.e., PP propagation
along the tubes in both positive and negative direc-
tions of axis . In other words, value  changes sign at
the critical value of the angle of incidence

(11)

At , the value  lies in the range from 60°
to 90°.

In Figs. 3a and 3b, the results are presented for a
lattice with period  = 1.5 μm at various values of the
angle of incidence  for cases  (a) and  (b).
The solid bold line shows the frequency dependence

 on the left side of Eq. (8) independently of .
The thin lines correspond to dependences  on
the right side, the solid lines refer to positive values 
of the wave vector, and the dashed lines refer to nega-
tive values  of the wave vector. The intersection
points of the thick and thin lines give the frequencies
of the PPs propagating in nanotubes.

When  (Fig. 3a), in the range of angles
, there are two roots corresponding to two

PPs with different frequencies and different propaga-
tion directions (for example, curves 2 and 2 ' for

). For , the solid curve 1 merges with
the dashed 1', which corresponds to two PPs of the
same frequency. At the critical angle of incidence

 (curves 3, 3'), the root corresponding to
the plasmon with  disappears, and when ,
we have two roots corresponding to the plasmons of
one (positive) direction of propagation (curves 4, 4 ').

Solutions with  are possible if the angle of
incidence θ1 exceeds the value

In the conditions of Fig. 3b,  at this
angle of incidence, there is only one solution (curve 3); at

, there are no solutions (curves 1, 2); and for
 (curve 4), there are two solutions, both of

which correspond to plasmons with 

The values of angle  corresponding to the two
roots of Eq. (8) (if any) differ only in sign; i.e., the
directions of the two diffracted beams are symmetric
about axis . This is schematically shown in Fig. 4,
where, in addition to the wave vectors of the incident
and diffracted beams, wave vectors  PP generated in
a CNT array are shown. Figure 4a displays the typical
situation for the interval of incidence angles

 where there are two diffracted beams
with wave vectors  and  For incidence angles
from the interval  (Fig. 4b), in addition
to the two beams (  and ) arising in the case 
another two beams (  and ) appear that satisfy the
condition  Moreover, for , the minimum
diffraction angle  corresponds
to the angle of incidence , and the maximum

 is realized when 

Thus, angles  can be either acute or obtuse; i.e.,
either radiation passes through the structure or its
reflection. For , the diffraction angle  can only
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Fig. 3. Graphical solution of Eq. (8) with respect to the frequency of the PP: (a) at  = 1.5 μm (case ), θ1 = 0°, 30°, 69° and
90° (1–4); (b) at  = 1.5 μm ( ), θ1 = 30°, 60°, 73° and 90° (1–4); (c) at at  = 0.8 μm, θ1 = 0°, 49°, 71° and 90° (1–4).
Thick line, left-hand side of ; thin line, right-hand side of ; solid lines, case β > 0, dashed lines, case β < 0.
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Fig. 4. Scheme of the wave vectors of the incident and diffracted laser beams, as well as PP excited in the CNT array: (a) 
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be accute, not exceeding  in magnitude.

At  only one additional diffracted beam is
directed along axis .

The results of the numerical solution of Eq. (8) for
the case  are presented in Fig. 3c (for
calculations, the values of the lattice period were cho-
sen as  = 0.8 μm). Solutions with  in this case
are absent. At , as in the previous case, there is a
critical angle defined by the same formula (11) that has
the same meaning; however, now its values fall in the
range from 0° to 60°. There is another significant dif-
ference: there are no solutions if the angle of incidence
exceeds the maximum allowable value:

(12)

In the conditions of Fig. 3c, the characteristic
angles of incidence according to formulas (11) and (12)
have the values  and 

The diffraction angles in the case of 
can only be obtuse; i.e., incident radiation is com-
pletely reflected from the structure. This is schemati-
cally shown in Fig. 4c for the angle of incidence from
the interval  At , the two roots
merge into one at , i.e., there is one dif-
fracted (reflected) beam and only one PP is excited in
each nanotube. This situation seems to be optimal for
increasing the efficiency of this structure used as an
antenna in the THz range.

CONCLUSIONS
Laser-irradiated CNTs can be considered as gener-

ating antennas emitting in the THz radiation range
and far infrared radiation range. As a result of succes-
sive reflections of the traveling surface wave from the
ends of the plasmon waveguide formed by the nano-
tube, standing current and voltage waves are formed.
For a given nanotube length of  there is a discrete set
of frequencies for which the condition for the forma-
tion of standing waves  (  is an integer).
Note that in our case, resonances should be observed
for wavelengths that in free space can significantly (by
orders of magnitude) exceed the dimensions of the
corresponding antenna, which is explained by the
strong deceleration of the PPs.

Thus, it has been shown that near-infrared laser
radiation can be used to efficiently generate THz and
far-IR radiation under conditions of the two-beam
laser irradiation of a non-periodic array of parallel
CNTs and single-beam irradiation of an array of peri-
odically located CNTs. It is important that the radia-
tion frequency of a CNT array can be controlled by
changing the angle of incidence of the laser radiation.
Such an adjustment is required to fulfill the conditions
of geometric resonance, as a result of which the effi-
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ciency of the radiating system can be sharply
increased.
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