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Abstract
Propagation of high-intensity electromagnetic waves in a waveguide structure could initiate
nonlinear effects resulting in drastic changes of their spatial and temporal characteristics. We
study the modulation instability effect induced by propagation of surface plasmon polaritons in
a silver thin-film waveguide. The nonlinear Schrodinger equation for propagating surface
plasmon wave is obtained. It is shown numerically that the modulation instability effect can give
rise to ultrafast spatial redistribution and longitudinal localization of surface plasmon-polariton
wave energy in subwavelength scale. The dependence of plasmon wave dispersion and
nonlinear characteristics on metal film thickness is considered. We demonstrate that the use of
films with the thickness varying along the waveguide length allows reduction of the generated
pulse width and increase of frequency comb bandwidth. The proposed technique is promising
for design of ultra-compact (tens of nm) optical generators delivering pulse trains with the
repetition rate higher than 1 THz.

Keywords: plasmon-polaritons, modulation instability, high repetition rate pulse trains

(Some figures may appear in color only in the online journal)

1. Introduction

The use of surface plasmon polaritons (SPP) allows breaking
out the conventional diffraction limit to design ultra-compact
optical components comparable with electronic components
on a crystal [1, 2]. A strong confinement of SPP enables integ-
ration of advanced photonics with electronic components on a
submicron scale, thereby opening prospects for elaboration of
ultra-fast energy-efficient tools for high-speed data processing

∗
Author to whom any correspondence should be addressed.

[3, 4]. Recently proposed [5, 6] effective methods of ohmic
loss compensation for SPP propagating in plasmonic wave-
guides have opened the way for new applications of SPP in the
integrated nanophotonic circuits. The transition from optical
to plasmonic format could bring a breakthrough in tackling
modern technological problems. In this context, we propose to
utilize the specific nonlinear and dispersion properties of SPP
to get a drastic increase of the pulse repetition rate (⩾1 THz)
available with the master oscillators based on integrated micro
(nano) circuits. The proposed concept is very promising for
generation of clock frequencies in high-performance com-
puters. Therefore, the present study is focused on the devel-
opment of a plasmonic structure employed as a generator of
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ultrashort pulses with a clock frequency >1 THz that is a key
element in optical computing systems.

Modulation instability (MI), a fundamental effect provok-
ing an explosive growth of weak perturbations in a nonlinear
physical system [7], underlies the operation of the high repe-
tition rate optical pulse generator. In optics, the MI can be
employed for transformation of continuous weakly modulated
wave into a pulse train. Propagation of the modulated wave in
an optical waveguide [8] is one of the most illustrative cases
of MI developed in the systems described by the nonlinear
Schrödinger equation (NLS). Also, similar processes could be
observed in optical cavities [9], spatial-time dynamics of laser
beams [10], during the formation of stable optical structures in
waveguides, etc [11]. Commonly, MI is considered as a para-
sitic effect causing an increase of noise disturbances and lim-
iting the parameters of coherent signal transmission lines [12].
However, MI is highly promising in some applications, such
as generation of high repetition rate short pulse trains [13, 14].
Superposition of two monochromatic optical waves operating
different wavelengths is commonly used as the pump signal
to generate a train of short optical pulses in the single-mode
optical fiber through the MI [15]. In this work, we apply this
technique to generate a high repetition rate pulse train through
evolution of a continuous strongly confined SPP. To the best of
our knowledge, for the first time, we explore the effect of film
thickness on theMI generation process and consider the use of
metal films with varying thickness for generation of ultrashort
pulse trains with a high repetition rate through the MI.

2. Nonlinear equation for SPP

Let us consider a quasi-monochromatic SPPwave propagating
with the carrier frequency ω0 and propagation constant β0 in
a structure with the conductive film surrounded by two dielec-
tric half spaces (figure 1). Taking into account the dependence
of the medium dielectric permittivity (DP) on the radiation
intensity I, the function β = β (I,ω) can be expanded in the
Taylor series in the vicinity of point ω = ω0, I= 0:

β ≈ β0 +(ω−ω0)
∂β

∂ω

∣∣∣∣ω0,I=0 +
1
2
(ω−ω0)

2 ∂
2β

∂ω2

∣∣∣∣
ω0,I=0

+

+
1
6
(ω−ω0)

3 ∂
3β

∂ω3

∣∣∣∣ω0,I=0 + I
∂β

∂I

∣∣∣∣
ω0,I=0

. (1)

Using:

Ω= ω−ω0, K= β−β0,

expression (1) reduces to a nonlinear dispersion relation:

K= β1Ω+
1
2
β2Ω

2 +
1
6
β3Ω

3 + γI, (2)

where:

β1 =
∂β

∂ω

∣∣∣∣
ω0,I=0

, (3)

Figure 1. Structure with the conductive film of thickness h
surrounded by two dielectric half spaces with the DPs ε1 and ε2.

is the parameter determined by the group velocity:

vg =
∂ω

∂Re[β]

∣∣∣∣
ω0,I=0

, (4)

β2 =
∂2β

∂ω2

∣∣∣∣
ω0,I=0

(5)

is the group velocity dispersion (GVD),

β3 =
∂3β

∂ω3

∣∣∣∣
ω0,I=0

(6)

is the third-order dispersion (TOD),

γ =
∂β

∂I

∣∣∣∣
ω0,I=0

= β1
∂ω

∂I

∣∣∣∣
ω0,I=0

(7)

is the parameter of Kerr nonlinearity at ω = ω0.
In the approximation of slowly varying amplitudes, the

quasi-monochromatic SPP wave field can be expressed as
A(x, t)U(y,z)exp [i(β0x−ω0t)], where A(x, t) is a function
slowly varying in time, the parameters β0 and ω0 are the real
values. Oscillation periods of the wave packet envelope A(x, t)
in time and space (coordinate x) are determined by Ω and K,
U(y,z) is the transverse wave field profile in a thin-film plas-
mon waveguide. Since the relations:

∂A
∂t

≈−iΩA, ∂A
∂x

≈ iKA,

are true for the wave packet envelope, dispersion relation
(2) can be associated with the NLS equation describing the
dynamics of SPP wave complex amplitude:

∂A
∂x

+β1
∂A
∂t

+
1
2
iβ2

∂2A
∂t2

− 1
6
β3

∂3A
∂t3

− iγ|A|2A= 0, (8)

where |A|2 = I is the wave intensity. In particular, equation (8)
describes the rapid growth ofweak time-periodic perturbations
of the steady-state solution, an effect of MI [8]. In the next
section, the structure parameters at which MI is implemented
for SPP within the visible spectrum range will be defined.
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3. SPP wave dispersion parameters in conductive
film of constant thickness

Let us consider a layered structure (figure 1) comprising two
semi-infinite media separated by a thin conductive film of con-
stant thickness h. The real part (Re[ε3]< 0) of the film DP ε3
is negative, while the DPs ε1 and ε2 of the separated media are
positive real values (ε1,ε2 ∈ ℜ and ε1,ε2 > 0). This structure
maintains the waveguide propagation of SPP in the film with
the dispersion.

Parameters determined by both the material characterist-
ics and film thickness. The Cartesian coordinate system is ori-
ented in such a way as to provide SPP propagation along the
x axis and the z axis to be perpendicular to the film plane
(figure 1).

The dispersion and nonlinear parameters (3)–(6) of SPP
waves in a conductive film of a constant h can be calculated
using the dispersion relation [16, 17]:

exp(−2q3h) =
q3ε1 + q1ε3
q3ε1 − q1ε3

q3ε2 + q2ε3
q3ε2 − q2ε3

, (9)

where qj =
√
β2 − k20εj (j = 1, 2, 3) is the component of the

wave vector perpendicular to the interfaces, k0 = ω/c, C is the
speed of light in vacuum.

As a conductive film, we assume a material with the DP
obtained as:

ε3 = εL + εNL (I) , (10)

where:

εL = ε∞ −
ω2
p

ω (ω+ iγe)
(11)

is the linear part of the DP recorded using theDrudemodel, ε∞
is DP high-frequency component, ωp is the plasma frequency
of electron gas in metal, γe is the relaxation rate,

εNL = αI (12)

is the nonlinear part that is dependent on the field intensity
I, α≈ 2nLnNL, nL and nNL are the linear and nonlinear parts
of the refractive index n3 (I) = nL + nNLI. The nonlinear DP
coefficients can be obtained using the table values of the third-
order nonlinear susceptibility χ(3) [18].

In this study, the numerical simulation has been performed
considering silver as a conducting film material. Silver films
of thickness of several nanometers in the optical range exhibit
the third-order nonlinear susceptibility as high asχ(3) ≈ 2.5 ×
10−8 esu [19]. The parameters included in expression (10) in
the optical range are ε∞ = 5, ωp = 13.5× 1015 s−1 [20]. At
room temperature, the electron relaxation rate for silver is as
high as γe ≈ 6× 1013 s−1 [20] leading to high maximal val-
ues of the imaginary part of dielectric constant (11) (Im(β)>
108 m−1) in a relatively wide frequency range. Under these
conditions, within the given frequency range, the SPP free
path is estimated to be 10 nm and less. It is not enough to
observe drastic changes of the SPP caused by the MI. On

Figure 2. Dispersion curves for SPP modes in the silver film
(h = 10 nm): (red curve), 15 nm (green curve), 20 nm (orange
curve) on dielectric substrate. Solid curves are for Re(β) and dashed
are for Im(β). Inset: dispersion curves around the chosen frequency
ω0 = 4.823× 1015 s−1.

the other hand, in this frequency range (corresponding to the
highest values of Im(β)) the effects associated with the thick-
ness of metal film h are the most pronounced. Therefore, γe =
1012 s−1 is used in our calculations to increase the SPP free
path by some orders of magnitude. Physically, such γe values
correspond to silver films cooled down to some low temperat-
ures. High-purity silver samples at liquid helium temperature
exhibit γe < 1012 s−1 [21].

The dispersion relations for the real and imaginary parts
of propagation constant in the linear approximation (α= 0)
for silver films of various thickness on dielectric Al2O3 sub-
strate (ε1 = ε2 = 2.84) are plotted in figure 2. Figure 2 shows
that the frequency ωl corresponding to the maximal β divides
the dispersion curves into those describing the upper (high-
frequency) and lower (low-frequency) SPP modes. The beha-
vior of dispersion parameters (3)–(6) is different for these
modes. Thus, in the considered frequency range, the parameter
β1 (3) inverse to the group velocity υg is positive on the lower
mode but it changes its sign and it is negative on the upper
mode. One should note that the negative group velocity is
typical for high-frequency plasmon mode in thin metal film
[22]. The GVD parameter β2 (5) is maintained positive for
both modes, since the positive value β1 increases with ω on
the lower mode, while on the upper mode an increase of the
negative β1 in the absolute value corresponds to the frequency
decrease.

For noble metals, α > 0, thus ∂ω
∂I

∣∣
ω0,I=0

is positive on both
branches of SPP dispersion relation:

∂ω

∂I
|ω0,I=0 ≈ α

(
∂εL
∂ω

|ω=ω0

)−1

= α
ω3
0

2ω2
p
> 0. (13)
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Figure 3. GVD (blue line) and TOD (red line) of the
high-frequency dispersion branch as a function of the silver film
thickness at ω0 = 4.823× 1015 s−1. The inset shows the same
function for the group velocity υ−1

g through the length of 10 nm.

Hence, taking into account relation (7), the Kerr nonlin-
earity parameter γ and SPP group velocity are of the same
signs. Therefore, the parameter γ is always positive for the
low-frequency SPP mode and negative for the high-frequency
SPP mode within some range of β. So, on the upper mode
within this range of β the GVD β2 and Kerr nonlinearity para-
meter γ of SPP have opposite signs enabling the MI [8]. One
should note that the slope angle range of dispersion curves cor-
responding to different h increases with an approach to the
limiting frequency ωl. Thus, the dispersion parameters (3)–(6)
exhibit stronger dependence on the thickness h at ω0 → ωl. For
further calculations we use ω0 = 4.823× 1015 s−1 since this
value is close to the limiting frequency ωl but it provides sig-
nificantly lower absorption: Im(β (ω0))≈ 0.6 × 107 m−1 <<
Im(β (ωl))≃ 108 m−1 (figure 2). The parameter of nonlinear-
ity can be estimated as:

γ = υ−1
g |ω0,I=0

αω3
0

2ω2
p
≈ υ−1

g |ω0,I=0 · 245m2W −1 s−1. (14)

Near ω = ω0, the real part of the propagation constant
increases with the decreasing film thickness and ranges within
108 m–1–7 × 108 m–1 for a film with h varying from 9 nm to
25 nm.

The GVD and TOD obtained by numerical differentiation
of dispersion relations (9) for ω = ω0 as a function of the
film thickness h are given in figure 3. The inset shows sim-
ilar dependence for the inverse group velocity υ−1

g . One can
see that the SPP wave dispersion parameters exhibit a strong
dependence on the film thickness h while the high GVD and
TOD values, typical for thin films, decrease quickly with
increasing h. Also, with an increase of h, the absolute value
of υ−1

g and γ proportional to it rapidly decrease.
As mentioned above, around ω0 = 4.823× 1015 s−1, the

MI condition γβ2 < 0 is fulfilled, i.e. for a given frequency
domain, any weak time-periodic modulation of the steady-
state SPP wave increases with a certain increment dependent

on both the wave intensity I and modulation frequency Ω. The
modulation gain for weak periodic perturbations is determined
by the GVD β2 and Kerr nonlinearity γ [8, 23]:

gm(Ω) = |β2Ω|
√
Ω2
c −Ω2, (15)

where:

Ωc = 2

√∣∣∣∣ γβ2

∣∣∣∣ I (16)

is the maximal frequency of MI. A strong dependence of the
dispersion parameters on the film thickness makes the modu-
lation gain (15) change drastically with h. Figure 4 shows the
modulation gain gm (Ω) for different thickness of a silver film
at the initial intensity of modulated wave I= 10−2 W µm−2.
One can see that the specific nonlinear and dispersion para-
meters of the plasmon structure could enable drastically high
MI gain that is sufficient to ensure breaking of the modulated
wave into individual pulses while it propagates

The maximal modulation gain for thin films (h≈ 10 nm)
is more than twice as high as that for relatively thick films
(h> 20 nm). However, thick films have a wider MI frequency
range. For this reason, the MI of ultrahigh-frequency (Ω>
±1.5× 1013 s−1) modulations can be observed only in relat-
ively thick films. Comparing the obtained MI frequency range
for different h (figure 4) with the graphs of dispersion ratios
(figure 2) one should note that the MI range remains within
the upper mode, i.e. does not go beyond the range of negative
values of υ−1

g . Although the values of dispersion parameters
change drastically even with small variations of the frequency
ω, the considered approach is still applicable within the entire
frequency range available for MI.

4. Modulation instability of SPP waves in a film of
constant thickness

Here, we explore the MI in a silver film with a constant
thickness in the direction of SPP propagation (see figure 1,
ε1 = ε2 = 2.84) codirectional with the x-axis in the Cartesian
coordinate system. To describe the evolution of a modulated
wave, we use the NLS equation (8) taking into account the
absorption determined by the imaginary part of propagation
constant,

∂A
∂x

+ υ−1
g

∂A
∂t

+
iβ2

2
∂2A
∂t2

− β3

6
∂3A
∂t3

− iγ|A|2A=− Im(β)A.

(17)

As the initial conditions, we use a modulated wave
A(t,0) =

√
I0 (0.99+ 0.01 · cos(2πνmt)) with the intensity

I0 = 10−2 W µm−2 at t= 0, where νm = (ω0 −ωs)/2π is the
modulation frequency, ωs is the frequency of the second (mod-
ulating) component. Frequency modulation can be induced
by two sources operating at close wavelengths or generated
from a spontaneous noise (spontaneous MI) [8, 24]. For the

4
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Figure 4. Modulation gain (15) calculated for different film thickness. The initial intensity of modulated wave is I= 10−2 W µm−2. Right:
modulation gain at h= 9 nm and h= 25 nm.

numerical modeling of the equation (17) the well-known split-
step Fourier method is used. Verification of our simulations
was carried out by comparing the obtained numerical results
with the results achieved on the grid with double precision.
In all our simulations, the difference between the obtained
numerical values did not exceed 0.5%. The simulation results
describing evolution of the SPP wave for films of the thick-
ness h= 10 nm and h= 20 nm are shown in figure 5 at the
periodic boundary conditions. The modulation frequencies
for each film νm = 1.33 THz (a), (b) and νm = 2 THz (c),
(d) are chosen so that the modulation gain shall be close to
its possible maximal value corresponding to the given film
thickness.

One can see that due to very high modulation gain, the
MI process is developing very fast—the modulated wave
transforms into a train of contrast subpicosecond pulses after
propagation over some tens of nm in the film. The model-
ing results on the modulation gain show that in a thicker
film the pulses are generated more slowly though exhibiting
shorter duration due to a wider MI spectrum. In is worth not-
ing that the evolution of modulated SPP wave in the film
occurs in a periodic manner—the pulse train generation is
cyclically altered by a return to the initial state of modulated
wave. Due to absorption, the SPP wave intensity is constantly
decreasing.

5. Modulation instability of SPP waves in a film of
varying thickness

Let us consider the SPP propagation in the film of varying
thickness h= h(x). Schematic of the structure is given in
figure 6. In the direction of the y-axis, the parameters of struc-
ture and SPP are invariable. Thus, we focus on the fields in the
xz plane only. The media material parameters are the same as
given above.

With a smoothly varying film thickness, the dispersion and
nonlinear parameters (3)–(6) can be determined in the adia-
batic approximation: the local values of these parameters at
the points with a coordinate x= x0 can be determined from the
analytical expressions obtained for a film of constant thickness

h(x0). Quasi-adiabatic approximation can be applied if the fol-
lowing inequality is fulfilled:∣∣∣∣β (h2)−β (h1)

β (h1)

∣∣∣∣<< 1, (18)

where β (h) is the propagation constant of SPP in a film of
local thickness h= h(x), |h2 − h1|⩾ 2π/Re(β). When this
inequality and relations (3)–(6) are fulfilled, the local values
of the SPP parameters in a film of variable thickness can be
calculated using the mathematical apparatus of the previous
section applied for a film of constant thickness.

The considered mechanism is similar to the MI in a wave-
guide with the parameters varying along its length. The
SPP propagation in a film of constant thickness discussed
in section 4 can be considered as a particular case of radi-
ation propagation in a waveguide with the parameters constant
along the length, while the MI process is repeatable. Mean-
while, in the spectral domain, the spectrum exhibits period-
ically repeated behavior. The spectrum of a continuous wave
with two initial harmonics corresponding to the modulation
frequency ±Ωm transforms into a wide spectrum correspond-
ing to a pulse train and then returns back to the initial state and
so on [8, 24].

It is known that in a waveguide with a GVD vary-
ing along the length, the bandwidth of MI gain spectrum
(−Ωc, Ωc) and the peak frequency of MI gain spectrum

Ωmax =Ωc

/√
2 increase along the waveguide length as GVD

decreases [25, 26]. With the wave propagation in direction
of the decreasing GVD the cyclicity of transformation of the
pulse train into the weakly modulated wave and back is viol-
ated. An increase of the MI bandwidth involves larger num-
ber of high-frequency spectral components in the process, thus
shortening the duration of the generated pulses. As a result, the
process of MI becomes irreversible enabling effective genera-
tion of high-repetition ultrashort pulse trains. The calculation
of the MI gain for films of different thickness (see figure 4)
shows that a similar process can be observed for a modulated
SPP wave propagating in a metal film of varying thickness. In
this case, to obtain a waveguide with a decreasing GVD, SPP

5
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Figure 5. Modulation instability of SPP in Ag film of different thickness h: h= 10 nm, modulation frequency νm = 1.33 THz (a), (b);
h= 20 nm, νm = 2 THz (c), (d). Evolution of SPP intensity (a), (c); initial SPP intensity (red) and SPP intensity after propagation of 22 nm
(blue), 67 nm (dashed) (b); of 43 nm (blue), 96 nm (dashed) length (d).

Figure 6. Structure of a planar metal film of varying thickness: metal film (ε3) with linearly varying thickness h(x) separates the dielectric
media with the same DP ε1.

has to propagate in such a way that the film thickness increases
in the direction of its propagation.

To simulate the SPPwave propagation one can use equation
(17) taking into account the change of SPP mode area along
the length:

∂A
∂x

+ ν−1
g (x)

∂A
∂t

+
iβ2 (x)

2
∂2A
∂t2

− β3 (x)
6

∂3A
∂t3

−iγ (x) |A|2 A=

(
Im(β)+

1
2Sm (x)

∂Sm (x)
∂x

)
A,

(19)

where Sm =
∞́

−∞

∞́

−∞
(U(y,z)/U(y= 0,z= 0))dzdy is the

mode area of plasmonic waveguide. In contrast to equations
(8) and (17), the coefficients in (19) are the functions of
the x coordinate, i.e. they change along the direction of SPP
propagation. The change of plasmon mode area Sm (x) along
the direction of SPP propagation can be determined using the
known relations for the SPP field distribution in a conductive
film [27].

For simulation, we use the same initial conditions and car-
rier frequency ω0 as in section 4 and the frequency modulation

νm = 0.89 THz. Figures 7(a) and (b) show the distribution of
nonlinear and dispersion coefficients along the coordinate x
with the film thickness linearly increasing from 9 nm with the
rate of about 1.6 nm per 10 nm film length. The film thickness
is shown by a black curve in figure 7(a). Figure 7(b) illustrates
also evolution of the SPP peak intensity during propagation.
Figure 7(c) shows the evolution of intensity I= |A|2 for SPP
wave. The intensities of initial modulated wave and SPP wave
propagating over ∼67 nm in a film with a linearly increas-
ing thickness are compared in figure 7(d). The above depend-
ences show that the intensity of SPP wave is modulated in
space and time and almost sevenfold increase of the SPP wave
peak intensity is recorded after the propagation over ∼67 nm.
The SPP path length l calculated from l≃ 1/ Im(β)≈ 167 nm,
thus, the effective transformation of SPP induced by MI is
observed at relatively short distances and attenuation does
not significantly affect the MI effect (see figure 7(c)). TOD
and variation of the group velocity parameter υ−1

g along the
length break the shape symmetry of the generated pulse. How-
ever, a high modulation gain in combination with the spectrum
constantly broadening along the length ensures their ultrashort
duration (τ < 100 fs).

6
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Figure 7. (a) Film thickness and Kerr nonlinearity coefficient (7) as a function of the SPP propagation length. (b) Group velocity dispersion
and peak intensity of the SPP wave as a function of the SPP propagation length. (c) Evolution of the SPP intensity in a film with linearly
increasing thickness by 1.6 nm per 10 nm length. The initial SPP wave intensity is I0 = 10−2 W µm−2, the modulation frequency is
νm = 0.89 THz.

6. Conclusions

SPPwave propagating in dielectric—thin metal film-dielectric
structure has been considered. Using standard approximations,
we have derived the NLSE propagation equation taking into
account the Kerr phase shift of propagating SPP wave. Based
on the dispersion relation, the SPP dispersion and nonlinear
characteristics are obtained as well as their dependences on
metal film thickness. It is shown that the dispersion and non-
linear properties of thin-film plasmonic structures can provide
a very high modulation gain leading to conversion of a modu-
lated SPPwave into an ultrashort pulse train while propagating
over a few 10 nm.

Propagation and transformation of an intense modulated
SPP wave in a silver film of constant and increasing thick-
ness have been simulated. We have determined the structure
parameters enabling MI in SPP leading to generation of sub-
picosecond pulses with a terahertz repetition rate. It is shown
that the modulated SPP wave transforms into a THz train of
ultrashort pulses within a very short propagation length of
some 10 nm.

The proposed concept is greatly promising for develop-
ment of compact generators of high repetition rate (∼1 THz)
ultrashort (∼100 fs) pulse trains and applicable for mul-
tiple tasks of modern optoelectronics, including development
of master clocks, frequency comb generators, and etc. The
obtained results can be employed to implement the self-
induced transparency regime in a metal, as predicted in [28,
29]. This technique opens up prospects for further advance-
ment of plasmonic technologies providing compensation of
high ohmic losses for strongly confined SPPs.
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