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A B S T R A C T   

We propose the principle of a planar surface plasmon polariton amplifier composed of a complex waveguide 
structure based on a semiconductor thin film separated from a dielectric substrate by a graphene monolayer. The 
amplification of surface plasmon polaritons in that waveguide in the terahertz regime is driven by a direct 
current in the graphene layer under a synchronism condition that allows an efficient energy exchange from the 
collective flux of charge carriers in graphene and the surface electromagnetic wave in the semiconductor film. 
Positive feedback required for resonant amplification is achieved through surface plasmon polariton reflections 
at the edges of the active waveguide, one of which is formed by a local thickness defect (a groove) at the upper 
surface of the semiconductor film that also provides an exit channel for the energy of the amplified surface wave 
to be transferred to an adjacent passive thin film semiconductor waveguide. We determine the conditions 
required for the resonant amplification of surface plasmon polaritons in that complex structure, which are 
essentially governed by the geometry of the groove as well as by the characteristic parameters of the active and 
passive waveguides.   

1. Introduction 

Surface plasmon polaritons (SPPs) are localized electromagnetic 
waves coupled with the density fluctuations of free charge carriers at the 
interface between two materials with respectively positive and negative 
dielectric permittivities (typically, a dielectric and a metal) or in one- or 
two-dimensional conducting materials (carbon nanotubes, graphene, 
borophene, etc.) A major drive towards the use of plasmonic fields 
instead of optical ones is that the former make it possible to achieve 
noticeable progress in the miniaturization of devices because of their 
extreme spatial localization. Recently, a great variety of plasmonic de-
vices have been proposed and studied, including plasmonic lasers, 
waveguides, switches, absorbers, plasmonic nanosensors and meta-
sensors [1–8]. To mention but a few recent and prominent examples, a 
plasmonic ultra-broadband terahertz absorber has been realized in a 
graphene metamaterial [9], and the enhancement of light-matter in-
teractions at THz frequencies has been obtained by plasmonic excita-
tions in graphene nanostructures [10,11]. THz plasmonics have also 
been shown to be very promising, in particular for next-generation 

wireless communication [12] and biosensing techniques [13]. 
One of the many directions of research in the field of plasmonics is 

devoted to plasmonic waveguides. Because of the high confinement of 
electromagnetic energy they provide, beyond the diffraction limit of 
light, SPPs propagating in a guiding structure represent a promising way 
towards next-generation circuits in which light can be used to overcome 
the speed limit of electronics. Various types of plasmonic waveguides 
have been proposed in recent years, including metallic films, grooves, 
strips, and wedges, metal/insulator/metal slabs, nanowires and chains 
of nanoparticles [2]. On the basis of such waveguides, nearly all the 
basic digital components analogous to the traditional electronic devices 
composing a complex functional circuit have been developed, including 
plasmonic lasers, plasmonic modulators, logical gates, switches, routers, 
photon-electric converters or Mach–Zehnder interferometers [14]. 

However, the development of plasmonic devices is hampered by the 
strong ohmic losses of SPPs upon propagation, which calls for the design 
of efficient amplification methods. In that context, the possibility of 
compensating losses by introducing optical gain in the plasmonic system 
has been actively investigated since the late 1970s [15,16]. The 
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amplification of SPPs was experimentally demonstrated, for example in 
metallic nanofilms combined with optically pumped gain media 
[17,18], or by electrical injection in hybrid plasmonic waveguides 
[19,20]. Recent experimental and theoretical studies have also demon-
strated that under optical excitation graphene layers can exhibit a 
negative dynamic THz conductivity associated with population inver-
sion and the domination of interband emission over intraband Drude 
absorption [21,22]. This was proposed to be used for the design of SPP 
amplifiers and lasers operating in the THz domain [22–25]. In recent 
years, an alternative SPP amplification mechanism has been proposed 
that involves the transfer of kinetic energy, from the collective flow of 
free electrons in a graphene layer adjacent to a plasmonic waveguide, to 
the surface electromagnetic wave the waveguide supports [26–31]. This 
mechanism does not involve any active medium in which population 
inversion needs to be achieved through pumping, and the systems that 
exploit it behave as optical amplifiers for SPPs co-propagating with the 
drifting electrons and as strong attenuators for counter-propagating 
SPPs. In addition, incorporating them in a cavity leads to the realiza-
tion of SPP oscillators – known as SPP lasers or ‘spasers’. 

In this paper, we propose a method for resonant electric-current- 
driven amplification of SPPs in a planar resonator in a geometry such 
that the amplified field can be extracted from the resonator into a 
plasmonic waveguide, which makes it possible to use the proposed 
amplifying structure as part of a plasmonic generator scheme. Specif-
ically, the proposed plasmonic device, as described in Section 2, is a 
complex planar structure based on a semiconductor film located atop a 
dielectric substrate. A graphene monolayer is inserted along part of the 
geometric boundary between these two materials. That region forms an 
active waveguide for SPPs when a DC electric current circulates in the 
graphene layer, so that amplification of SPPs through that current can 
take place under specific conditions. Section 3 shows that amplification 
can be made resonant, and the active waveguide thus becomes a reso-
nator, thanks to the presence of the narrow and shallow groove at the 
upper surface of the semiconductor film that acts as a reflector and 
provides the necessary feedback. Across the groove, the semiconductor 

film forms an adjacent, passive waveguide that provides a convenient 
way to extract the amplified radiation. In previous papers [26–28], we 
discussed the principle of such a current-driven SPP amplification 
scheme, but without groove. In Ref. [26], extraction of the radiation to 
the free space was proposed to be achieved through a diffraction grating, 
which meant that the amplified radiation was not efficiently channeled 
out of the structure. In the present work, the presence of the groove is 
thus a crucial improvement to those previous studies, in that it allows a 
direct and efficient extraction of the amplified radiation and thus eases 
the integration of the structure in low-dimensional photonic devices. 
Furthermore, we show that the groove does not only provide an efficient 
way to obtain a SPP resonator and an extraction method, but, as shown 
by numerical results in Section 3, it also governs, through the careful 
choice of its length and depth, (along with the geometrical and consti-
tutive parameters of the active waveguide itself) the electric-current- 
mediated SPP amplification efficiency and energy extraction efficiency 
of the whole structure. 

2. Description of the structure and dispersion relations of 
surface plasmon polaritons 

We consider a complex structure formed by two planar waveguides 
(whose guiding layers are made of the same semiconductor medium B) 
separated by a defect layer, also made of medium B, with a rectangular 
groove on its top surface (Fig. 1). These semiconducting layers are 
deposited atop a dielectric substrate (medium C) and surmounted by a 
dielectric medium (medium A). In the whole paper, parameters related 
to the left-hand-side waveguide, the groove, and the right-hand-side 
waveguide will be referred to with indices 1, 2, and 3, respectively. 

We assume that SPPs of angular frequency ω in the far-infrared 
domain propagate along the boundary between medium B and sub-
strate C along the x-axis of a (xyz) Cartesian system of coordinates in 
which that boundary is parallel to the (xy) plane. In this paper, the time 
dependence of the electromagnetic fields will be taken as exp(iωt). 

In the spectral domain of interest, materials A and C are transparent, 

Fig. 1. Schematic of a SPP amplifier with radiation propagation into a planar waveguide. An active plasmon waveguide of length L (with a graphene monolayer 
located between a semiconductor film of thickness d1 and a dielectric substrate) is adjacent to a passive waveguide made of a semiconductor film of thickness d3 
deposited on the dielectric substrate. The active and passive guiding layers are separated by a rectangular groove of length l located atop a semiconductor layer of 
thickness d2. The active and passive waveguides and the groove region are all made of the same semiconductor B. Materials A and C are the dielectric surrounding 
medium and the substrate. The propagation constants of the SPPs in the active waveguide, groove region and passive waveguide are denoted β

′

1, β
′

2, and β
′

3, 
respectively. The electron flux driven by a DC applied voltage in the active structure is directed along the positive direction of the x-axis. The red curve represents the 
distribution along the z-axis of the absolute value of the longitudinal electric field component |Ex| of the SPP field in the substrate, waveguide and superstrate of the 
active region. 
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with real relative dielectric permittivities εA > 0 and εC > 0, respec-
tively, whereas semiconducting material B is partially absorbing, with, 
for the chosen time dependence for the fields of propagating SPPs, 
negative real and imaginary parts (ε′

B < 0 and ε′′B < 0) of its complex 
relative dielectric permittivity defined as εB = ε′

B + iε′′B. In the following, 
numerical calculations will be carried out for air (surrounding medium 
A), gallium arsenide GaAs (semiconductor B) and silicon SiO2 (substrate 
C). 

In the (xyz) system of coordinates, the left-hand-side boundary of the 
first planar waveguide separates surrounding medium A and semi-
conductor B and is located at × = 0. The length of this waveguide along 
the x-axis is L. Over its whole length, the lower boundary of the wave-
guide separating medium B from substrate C is covered with a graphene 
layer, which provides a means to amplify SPPs propagating along the x- 
axis through energy exchange between the SPPs and a DC current 
injected in graphene (see below for a description of the amplification 
mechanism), so that the waveguide can be considered as an active 
structure. Its right-hand side boundary, at × = L, is bordered by a 
shallow groove of length l in the semiconductor film B that constitutes 
the defect mentioned above. This groove provides a partial reflection of 
SPPs into the first waveguide. The fraction of a SPP crossing the groove 
propagates further in the second, passive waveguide. The guiding layers 
of the active and passive waveguides have thicknesses d1 and d3, 
respectively. The groove region can also be considered as a passive 
waveguide of length l and thickness d2 (with d2 < d1, d3). 

The electric field components of SPPs propagating along the 
boundary can be written as ̃Ej(x, z, t) = Ej(x, z)exp[i (ωt ± βjx)] with j = 1, 
2, 3, where complex SPP wavevector amplitudes βj = β

′

j +iβ′′
j refer to the 

active waveguide (j = 1, for 0 ≤ x ≤ L), the groove region (j = 2, for 
L < x < L + l) and the passive waveguide (j = 3, for × ≥ L + l), 
respectively. The sign ‘–’ (resp. ‘+’) in the phase of ̃Ej(x, z, t) corresponds 
to SPPs propagating along the positive (resp. negative) direction of the 
x-axis. The propagation of SPPs in both directions is due to scattering at 
the boundaries of the groove as well as reflection on the left-hand side 
edge of the active waveguide. Back reflection from the right-hand side of 
the passive waveguide is neglected. 

The mechanism of SPP amplification in the active waveguide is based 
on the direct energy transfer, through the Cherenkov effect, from the 
flux of moving charge carriers forming the electric current in the gra-
phene layer to the surface-localized electromagnetic wave in the semi-
conducting layer [26]. The same physical principle is used in the 
traveling-wave tubes well known in microwave technology [32]. A 
crucial condition to the achievement of an effective interaction and 
energy exchange between the SPP and the direct electric current is to 
equate the phase velocity of the electromagnetic wave to the drift ve-
locity of the electric current. Thus, it is essential to determine the 
optimal characteristic parameters of the plasmonic structure for which 
this synchronism condition is satisfied. 

This amplification mechanism is neither directly related to the 
characteristic properties of the materials in the structure, nor does it 
affect them (in contrast to the amplification due to pumping mecha-
nisms in laser media, for instance). This makes it possible to analyze the 
dispersion relation dependences βj(ω) using results known for SPPs in 
layered structures composed of passive (non-amplifying) media. Thus, in 
the active waveguide, provided that d1 ≪ L, the dispersion relation of a 
SPP propagating along either the positive or the negative directions of 
the x-axis in the semiconductor layer takes the form [33] 

exp(− 2q1Bd1) =
q1B εA + q1A εB

q1B εA − q1A εB
⋅
(q1B εC + q1C εB)ε0ω + iq1B q1C σ
(q1B εC − q1C εB)ε0ω + iq1B q1C σ (1)  

where q1κ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

β2
1 − k2

0εκ

√

is the z-component of the complex SPP wave-
vector in the medium with dielectric permittivity εκ (κ = A,B,C), σ is the 
surface conductivity of graphene, ε0 is the vacuum permittivity, and 

k0 = ω/c and c are the wavevector modulus and speed of light in vac-
uum, respectively. For both the groove region (semiconductor layer 
thickness d2) and the passive waveguide (semiconductor layer thickness 
d3) the dispersion equations of a SPP write 

exp(− 2qjBdj) =
qjBεA + qjAεB

qjBεA − qjAεB
⋅
qjBεC + qjCεB

qjBεC − qjCεB
, j = 2, 3 (2)  

where qjκ =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

β2
j − k2

0εκ

√

is again the z-component of the complex SPP 
wavevector in the medium with dielectric permittivity εκ (κ = A,B,C) 
and j refers to the groove region (j = 2) or the passive waveguide (j = 3). 

Here it must be emphasized that localized SPPs are present at both 
interfaces (i.e., at the superstrate/semiconductor A/B interface as well as 
at the semiconductor/substrate B/C interface), as schematically illus-
trated in Fig. 1 by the distribution of the longitudinal electric field 
component |Ex| of the SPP field along the z-axis (see the red curve). 
Here, the field is represented in arbitrary units and normalized to 1 at 
the A/B interface. For an asymmetric structure such as that under study, 
in which the surrounding medium A and the substrate C have very 
different permittivities, SPP localization is stronger at one of the in-
terfaces (here, at the B/C interface, thus justifying the principle of en-
ergy exchange between the dc current and the propagating SPPs), but 
the SPP amplitude along the other interface is non-zero and cannot be 
neglected. This is reflected in Eqs. (1) and (2), in which the dielectric 
permittivities of all three media, as well as the surface electric conduc-
tivity of graphene, intervene. In Fig. 1, SPP propagation has schemati-
cally been shown to occupy the whole thickness of the semiconductor 
film for the sake of readability. Note that the distribution of |Ex| exhibits 
the same evolution in the groove region and in the passive structure. 

In the frequency range considered in the present study (4.67 
THz ± 5 GHz) the chromatic dispersion of dielectric permittivities of the 
surrounding medium εA and of the substrate εC can be neglected, with 
εA = 1 (air) and εC ≈ 4 (SiO2) [34], respectively. The spectral variations 
of complex permittivity εB in a semiconductor crystal such as GaAs, on 
the other hand, cannot be neglected and are taken to obey the following 
dependence [35]: 

ε = ε∞

(

1 +
ω2

LO − ω2
TO

ω2
TO − ω2 + iωγ

−
ω2

p

ω(ω − iγD)

)

(3)  

where ε∞ is the relative permittivity in the high-frequency limit (optical 
frequencies), ωTO and ωLO are the angular frequencies of the transverse 
and longitudinal optical phonons in the crystal, γph is the phonon 
damping constant, and γp is the plasmon damping constant (the free- 
carrier damping constant). The plasma angular frequency ωp =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
nq2

e /(m*ε∞ε0)
√

depends in particular on the volume density n, the 
charge qe, and the effective mass m* of the free electrons in GaAs. The 
second term on the right-hand side of Eq. (3) describes the interaction of 
the electromagnetic field of the SPP with optical phonons in the semi-
conductor in the frame of the Lorenz model, whereas the third term 
describes the interaction of that field with the free carriers in the frame 
of the Drude model. 

Finally, the surface conductivity of graphene in Eq. (1) is calculated 
using the following expression, in which losses are taken into account 
[36]: 

σ(ω, μc,Γ, T) =
ie2(ω + i2Γ)

πħ

[ ∫ ∞

0

fd( − ω) − fd(ω)

(ω + i2Γ)2
− 4ω2

dω

−
1

(ω + i2Γ)2

∫ ∞

− ∞

∂fd(ω)

∂ω |ω| dω
]

(4)  

where Γ is the phenomenological scattering rate of electrons in the 
graphene layer and fd = {exp[(ħω − μc)/kBT] + 1 }

− 1 is the Fermi-Dirac 
distribution, in which μc is the chemical potential of electrons in gra-
phene, T is the temperature, ħ is the reduced Planck constant, and kB is 
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the Boltzmann constant. 
Material parameters of GaAs and graphene used for the numerical 

calculations are gathered in Table 1. 
It should be noted that, as can be expected from Eq. (1), the complex 

wavevector amplitude β 1 = β
′

1 +iβ′′
1 of the SPP in the active waveguide, 

and thus its phase velocity V1 = ω/β
′

1, depend on the thickness d1 of the 
semiconductor layer. Thus, the SPP frequency, at which the synchronism 
condition between the surface electromagnetic wave and the current 
carriers flowing in the graphene monolayer is met, can be adjusted by 
varying d1. The choice made in our study for both the constituting ma-
terials and the dimensions of the structure ensures that in the vicinity of 
SPP frequency ν = 4.67 THz (i.e., for angular frequency ω ≈ 29.3 ⋅ 1012 

rad•s− 1), the propagation constant of a SPP in the active plasmonic 
waveguide is two orders of magnitude larger than the wavevector 
modulus of light in vacuum (k0 ∼ 105 rad•m− 1). As a consequence, the 
phase velocity V1 of a SPP in that waveguide is about two orders of 
magnitude smaller than the speed of light in vacuum (c ≈ 3 ⋅ 108 

m⋅s− 1), and can be equal to, and even smaller than the drift velocity of 
charge carriers in graphene Vgr ≈ 0.8 ⋅ 106 m⋅s− 1 [38], which ensures 
that the synchronism condition mentioned above can be fulfilled. 

As is well known, the electric properties of graphene are related to its 
Fermi energy (chemical potential at room temperature), and they can be 
tuned by changing the charge concentration, which can be realized by 
external or internal means, for instance chemical doping, the nature of 
the substrates, applied electric or magnetic fields, and even temperature 
[2]. Thus, any change in the characteristics of graphene, including the 
level of its doping, leads to a change in the spectral behavior of the SPPs 
and, as a consequence, to a change in the spectral frequency band in 
which SPPs can be amplified by the pump current. However, numerical 
analysis shows that for the parameters adopted in this study, the prop-
agation constants of the SPPs are mainly determined by the parameters 
of the semiconductor waveguiding film, and that the influence of gra-
phene on β′

1 can in first approximation be neglected. 

3. Resonant amplification of surface plasmon polaritons driven 
by a DC current in the graphene layer 

The structure under consideration (Fig. 1) is an analog of a resonant 
active Fabry-Perot cavity, in which the resonator consists of the active 
waveguide and of its facets that act as reflectors and provide the positive 
feedback necessary for the establishment of a regime of generation of 
SPPs. The transmission and reflection characteristics of the right-hand- 
side reflector are defined by the structural parameters of the groove 
region. In this Section, we discuss the conditions of a resonant amplifi-
cation of SPPs in such a structure (a necessary condition for SPP gen-
eration) when a DC electric current flows in the graphene layer. 

3.1. Single-pass amplification in the active waveguide 

Let us first describe SPP amplification in a single-pass regime in the 
active waveguide itself before discussing resonant amplification in 
Subsection 3.2. 

The energy transfer from the direct current to a SPP can be described 
within the frame of Pierce’s classical theory of traveling-wave tubes, 
familiar in microwave technology, that describes the generation of 
coherent radiation from the interaction of an electron beam with a mi-
crowave beam in a waveguide. As mentioned above, the amplification of 
the electromagnetic wave requires a match of its phase velocity with the 
drift velocity of the charge carriers. For the structure under consider-
ation here, fulfilling that condition for the electromagnetic component 
of a SPP and the electrons flowing in the graphene layer ensures an 
effective transfer of energy from the DC current to the surface electro-
magnetic wave. Following Pierce’s approach, the expression can be 
derived for the dispersion relation of a SPP interacting with a flow of 
electrons propagating in the same direction with the drift velocity Vgr 
[26–28]: 

(ω − G V1)
(
ω − G Vgr

) 2
= C ω 3 (5)  

where G is the complex variation rate of the harmonic field amplitude of 
the SPP, and the Pierce parameter C can be written as 

C ≈
ω2

q

2ε∞ (ω 2 + ω2
p)

(
ε′

B k0
)2

β′2
1 (ε

′

B + εC)
2
+ (ε′

Bk0)
2

V1

Vg1

(6) 

In Eq. (6), Vg1 = ∂ω/∂β
′

1 is the group velocity of the SPPs in the active 

waveguide, and ωq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ngr q2
gr β′

1/(mgr ε0)

√

is the plasma angular fre-

quency in graphene, where qgr, mgr, and ngr are the charge, effective mass 
and surface density of charge carriers in graphene, respectively. For the 
numerical calculations, we take qgr = qe, mgr = me, and ngr = 1016 m− 2 

[40]. In our system, the SPP group velocity is aboutVg1 = 0.7•106 m⋅s− 1. 
Given the choice of time dependence we made for the SPP fields, the 

spatial dependence of the electric field of a SPP propagating in the 
positive direction of the x-axis (i.e., codirectionally to the electron flux in 
graphene, as required by the amplification mechanism) is 
Ẽx ∼ exp[− iGx)], and the only root of the third-degree polynomial in Eq. 
(5) solved for G that can yield the value of the SPP field amplification 
coefficient α is a complex root whose imaginary part is such that α =

Im(G)⩾0. 
Fig. 2 shows the results of the numerical determination of the 

effective single-pass amplification coefficient α − |β′′
1|, which takes into 

account the loss coefficient 
⃒
⃒ β′′

1
⃒
⃒ in the active waveguide as a function of 

the SPP frequency for semiconductor film thickness d1 = 50 nm. The 
spectral dispersion of the loss coefficient in the considered waveguide is 
very small in the frequency range under consideration, where the 
average value of 

⃒
⃒ β′′

1
⃒
⃒ is about 0.0347⋅105 m− 1. For that value of the loss 

coefficient, the SPP propagation length is about 144 µm, i.e., about 2.25 
times the vacuum SPP wavelength in the frequency range under 
consideration, which is in agreement with values reported in various 
semiconducting plasmonic structures in the far-infrared frequency range 
[41,42]. A frequency range exists (green area) for which α can reach 
large values that exceed 

⃒
⃒ β′′

1
⃒
⃒, which means that a SPP propagating co- 

directionally to the electron flux in graphene is amplified along the 
length of the active waveguide. For the structural and constitutive pa-
rameters chosen in this work, that range lies in the THz domain, 
centered around 4.671 THz, with a narrow width of about 6.98 GHz. 

As was mentioned above, the spectral range for which a SPP can be 
amplified is determined by the ratio of the drift velocity Vgr of the cur-
rent carriers in graphene and the phase velocity V1 of the SPP, and the 
latter is in particular a function of the thickness d1 of the semiconductor 
film in the active waveguide, as indicated by Eq. (1). It should be noted 
that, all other parameters being equal, calculations show that no SPP 

Table 1 
Material parameters of GaAs and graphene used for numerical calculations.  

Material Parameters 

Semiconductor GaAs  
[35] 

ε∞ = 11 
ωTO = 50.5 ⋅ 1012 rad⋅s− 1 

ωLO = 55 ⋅ 1012 rad⋅s− 1 

γph = 0.45 ⋅ 1012 s− 1 

γp = 2.33 ⋅ 1012 s− 1 

m* = 0.071 me (me = 9.1⋅10–31 kg is the electron rest 
mass) 
qe = –1.6⋅10–19C 
n = 35⋅1022 m− 3 

Graphene [37–39] T = 300 K 
μc = 0.2 eV 
ħΓ = 1 meV  
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amplification can take place for d1 larger than approximately 60 nm, in 
which case the SPP phase velocity takes higher values and therefore the 
synchronism cannot be fulfilled. However, even for such thin films, the 
synchronism condition can still be met by increasing the drift velocity 
Vgr, for example via Fermi velocity engineering techniques [43,44]. This 
opens up additional opportunities for the amplification of SPPs which, 
however, are beyond the scope of this article. 

It should be noted that in practice, deviations of the film thickness 
may occur, for instance due to imperfections of the film growth or to 
surface roughness, which can affect the amplification regime of the SPPs 
via i) a change of the amplification coefficient; ii) an increase of the 
losses. Our calculations show that a 10% increase (resp., decrease) of the 
semiconductor film thickness d1 leads to a slight shift of about 0.6 GHz of 
the amplification band towards higher (resp., lower) frequencies, 
together with an approximately 15% increase (resp., decrease) of the 
SPP amplification coefficient. Thus, the amplification coefficient re-
mains of the same order of magnitude, which is expected to compensate 
for the increased losses arising from surface roughness. 

3.2. Amplification of SPPs in the resonator 

The active waveguide structure shown in Fig. 1 is limited along the x- 
axis by two reflectors on which propagating SPPs undergo (partial) 
reflection, and it can thus be seen as a resonator. On its left-hand side, the 
reflector consists of an interface between the semiconductor layer B and 
the surrounding medium A. On its right-hand side, partial reflection 
occurs at each extremity of the groove region, and the latter can be seen 
as a distributed reflector. As a result, standing SPP waves are formed in 
the active structure. As in a laser cavity, SPP generation is conditioned 
by the reproduction of the complex wave amplitude upon a complete 
roundtrip in the resonator [45]. Taking into account the fact that 
amplification can be achieved in one direction only (in the direction of 
the electron flux in graphene), the SPP resonant amplification condition 
reads 

ρleft ρrightexp
[(

α + 2β′′
1

)
L
]

exp
[
− 2iβ

′

1L
]
= exp[ − 2iπm] (7)  

where m is a positive integer, and ρleft and ρright are the reflection 

coefficients of the left-hand- and right-hand-side reflectors, respectively. 
As follows from Eq. (7), the frequency domain over which generation of 
SPPs is possible is restricted by the condition α > 2

⃒
⃒ β′′

1
⃒
⃒ (shown by the 

shaded area in Fig. 2). This region is thus narrower than the single-pass 
amplification bandwidth resulting from the α >

⃒
⃒ β′′

1
⃒
⃒ amplification 

condition of a SPP by a DC electric current pumping in graphene (shown 
by the green area in Fig. 2). However, the difference between these 
frequency ranges remains small due to the very large value of the 
amplification factor. For instance, for a semiconductor film thickness 
d1 = 50 nm in the active waveguide, the spectral dependencies of α and 
β′′

1 yield a resonant amplification band Δνres = (4.66782 – 4.674776) 
THz, which is slightly narrower than the single-pass amplification band 
Δν = (4.66780 – 4.67478) THz. 

In the most general case, discontinuities related to irregularities in 
the plasmonic waveguide lead to the parasitic scattering of SPPs both 
inside the waveguide and outside, i.e., into the superstrate and the 
substrate. The complete description of the behavior of SPPs at discon-
tinuities requires complex three-dimensional numerical methods. 
However, analytical and semi-analytical methods are still applicable in 
many plasmonic systems in which parasitic scattering can be neglected 
[46–51]. Thus, in this paper, the calculation of the reflection coefficient 
at the boundaries of the groove region is carried out using Fresnel-like 
relations. This analytical method provides good approximations pro-
vided the variation in SPP effective refractive indices βi/k0 across the 
groove boundaries remains small [46,52,53]. Small differences between 
propagation constants β1, β2 and β3 are achieved for small differences 
between film thickness d1, d2 and d3, and the overall complex reflection 
coefficient, for SPP field amplitudes, of the groove seen as the distrib-
uted right-hand-side reflector of the cavity can be written using Airy’s 
formula: 

ρright =
r12 + r23exp[ − i 2β2 l]

1 + r12 r23exp[ − i 2β2 l]
(8)  

where 

rη ζ =
β η − β ζ

β η + β ζ
, \{ η, ζ \} ∈ \{ \{ 1, 2 \} , \{ 2, 3 \} \} (9)  

is the complex amplitude Fresnel-like reflection factor under normal 
incidence at the interface separating regions η and ζ. 

For simplicity, we consider the case where the thicknesses d1 and d3 
of the GaAs films on either side of the groove region are equal (so that 
β1 ≈ β3, since the influence of the graphene layer on β1 can be neglec-
ted) and, as mentioned above, do not differ much from the thickness d2 
of the GaAs film under the groove (|d1,3 − d2| <<d1,2,3). Equation (8) 
then takes the following simplified form: 

ρright ≈
β1 − β2

β1 + β2
(1 − exp[ − i 2β2 l] ) (10) 

Equation (10) shows that the reflection of SPPs due to the presence of 
the groove is in particular governed by the mismatch between the 
propagation constants in regions 1 (active waveguide) and 2 (under the 
groove of depth d1 – d2). The reflection coefficient ρright also exhibits an 
oscillating dependence on the groove length l. As a result, it is possible to 
tailor the characteristics of the resonant cavity inside which SPPs can be 
generated and amplified through the choice of the geometric dimensions 
of the groove. It must be noted, however, that such a modulation of the 
reflection coefficient of the distributed reflector is only realistically 
feasible for a limited range of groove length l, since dissipative losses 
across the groove increase exponentially with l (with SPP amplitude 
decaying as exp [2β′′

2 l]), so that for large values of l, the SPP is for all 
intents and purposes extinguished before reaching the passive 
waveguide. 

The left-hand-side facet of the active waveguide exhibits an abrupt 
refractive index transition. Strongly localized SPPs are known to expe-

Fig. 2. Spectra of the effective SPP single-pass amplification coefficient α − |

β′′
1| (orange line) and effective SPP resonant amplification coefficient α − 2|β′′

1|

(violet line) in the active waveguide. The green area corresponds to the fre-
quency range where the single-pass amplification condition α >

⃒
⃒ β′′

1
⃒
⃒ is satis-

fied, and the shaded area shows the resonant amplification condition α > 2|β′′
1|. 

The insets zoom in on the low- and high-frequency borders of the amplification 
ranges. Calculations were carried out for semiconductor film thick-
ness d1 = 50 nm. 
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rience near total reflection at such boundaries [54,55], and the corre-
sponding reflection coefficient can thus be written as 

ρleft ≈ exp(i Θ) (11)  

where Θ is the phase shift upon reflection, which in plasmonic structures 
can take values in the entire range [0, 2π] [55–59]. 

Substituting Eqs. (10) and (11) into Eq. (7) and noting that for the 
choice we made for the time dependence of the fields and the definition 
of the complex propagation constants, losses in all regions are associated 
to β′′

i < 0, i ∈ {1, 2, 3}, we obtain the following condition for the 
resonant amplification of SPPs in the active waveguide: 

β1 − β2

β1 + β2

(
1 − exp

[
2β′′

2 l
]
exp
[
− i 2β

′

2 l
] )

exp
[(

α + 2β′′
1

)
L
]

= exp
[
i
(
2β

′

1L − Θ − 2πm
) ]

(12) 

Equation (12) highlights the dependence of that resonant amplifi-
cation condition upon the dimensions of both the active waveguide 
(thickness d1) and the groove region (length l and semiconductor film 
thickness d2 under the groove). Note that d1 and d2 are implicitly 
included in Eq. (12) via the complex SPP wavevectors β1 (ω1, d1) and β2 
(ω2, d2), which are determined by Eqs. (1) and (2). It should also be 
noted that resonant amplification is a necessary condition for the 
establishment of a lasing process (and as a consequence, the structure 
under study here would be suitable for the design of a spaser with a 
distributed feedback geometry), which means that Eq. (12) also ex-
presses one condition that needs to be fulfilled in order to generate slow 
SPPs in the active waveguide. Thus, in the following, we will refer to Eq. 
(12) as the generation condition. 

3.3. Numerical results and discussion 

Let us now analyze Eq. (12) and study the dependence of the gen-
eration condition upon two crucial geometrical parameters of the 
structure — the length L of the active waveguide and the depth of the 
groove expressed in terms of ratio d2 /d1. 

We can first estimate the minimal value Lmin(ω) of the length of the 
resonator that allows resonant SPP amplification at frequency ω, i. e., 
fulfills the requirement that single-pass amplification (when SPPs and 
DC current are co-propagating along the positive direction of the x-axis) 
exceeds losses over a roundtrip in the cavity. We neglect the term 
depicting energy loss in the right-hand-side distributed reflector in Eq. 
(12), so that exp[2β′′

2 l] ≈ 1, which amounts to consider the length l of the 
groove to be small enough. Furthermore, we can always choose ln =

(1 + 2n)π/2β
′

2 (where n is a positive integer) so that exp[ − i 2β
′

2 ln] =
− 1, which corresponds to a maximum of the reflectivity 

⃒
⃒ρright

⃒
⃒2 of the 

groove (seen as a distributed reflector) due to constructive interference 
(see Eq. (10)). With these assumptions, for α > 2

⃒
⃒ β′′

1
⃒
⃒ we get 

Lmin ≈
1

α + 2β′′
1

ln
d1 + d2

2|d1 − d2|
(13) 

Here we used the approximation |(β1 − β2)/(β1 + β2)| ≈ |(d1 − d2)/

(d1 + d2)|, valid for SPP wavevectors greatly exceeding in modulus the 
wavevector modulus of light in media A, B and C, which is the case in 
our system. 

The generation condition expressed by Eq. (12) can only be satisfied 
if L ⩾ Lmin, while Eq. (13) implies that Lmin depends on the frequency of 
the SPP (via coefficients α and β′′

1). The smallest value of Lmin is logically 
reached at the frequency within the resonant amplification band where 
the effective amplification coefficient α − 2|β′′

1| is maximum which, 
again for the parameters used in Fig. 2, takes place in the vicinity of 
ωm = 29.353 ⋅ 1012 rad⋅s− 1 (where α − 2|β′′

1| ≈ 1.23 ⋅ 105 m− 1). On the 
other hand, Eq. (13) shows that Lmin also depends on the respective 
values of the thicknesses d1 and d2 of GaAs in the active waveguide and 
under the groove. For instance, again for d1 = 50 nm and for the near- 

optimal value l = 60 nm of the groove length that satisfies both 
exp[2β′′

2 l] ≈ 1 and exp[ − i 2β
′

2 l] ≈ − 1 (see the discussion above that led 
to Eq. (13)), the active region length must be at least 21.5 µm and 
12.2 µm for a groove depth (d1 – d2) equal to 5 nm and 10 nm, 
respectively. 

On the basis of such numerical values it appears that for any L ≥ Lmin, 
the additional phase experienced by a SPP upon a roundtrip in the active 
cavity is 2β

′

1 L > 500, which is much larger than the phase shift Θ ∈ [0,
2π] due to the reflection on its left-hand-side facet. As a consequence, the 
fulfillment of the generation condition expressed by Eq. (12) does not 
depend much on the value of Θ: indeed, for any value of Θ between 
0 and 2π, the phase condition can always be satisfied by very slightly 
adjusting the length L of the active region, the required correction 
being<0.1 μm. Therefore, in the remainder of this study, we will neglect 
the influence of the precise value of Θ on SPP generation and amplifi-
cation in the active waveguide and for simplicity, further numerical 
calculations will be carried out with Θ = 0. 

Solving Eq. (12) in order to determine the response of the structure in 
terms of SPP generation involves taking into account four geometrical 
parameters (d1, d2, l and L) and the frequency of the emitted SPPs. In 
what follows, we have restricted our discussion to the influence of three 
of the four geometrical parameters, setting one of them, the thickness d1 
of the waveguides, to a fixed value and playing with those describing the 
shape of the groove and the length of the active waveguide. Thus, 
solving Eq. (12) numerically allows us to estimate, within the resonant 
amplification band Δνres, the acceptable depths of the groove (expressed 
in terms of ratio d2 /d1 within the range 0.8 ≤ d2 /d1 < 1) that, for given 
values of the length L of the active waveguide and that, l, of the groove, 
enable SPP generation at a given frequency. Note that values of d2 
/d1 < 0.8, corresponding to a deeper groove, are possible but, as 
mentioned above, they are more likely to give rise to the scattering of 
SPPs into free space that we have neglected for the sake of simplicity. 

Fig. 3 shows the result of these calculations, depicting the ratio d2 /d1 
as a function of both the frequency of the generated SPP and the length 
of the active region, for d1 = 50 nm and for two values of the length l of 
the groove: 10 nm and 60 nm (Fig. 3(a) and 3(b), respectively). In each 
case, the graph can thus be read as follows: for a given desired SPP 
emission frequency, a vertical cross-section of the colour plot gives a set 
of (d2 /d1, L) values that permit that emission. Alternatively, for a given 
length L of the active waveguide, a horizontal cross-section reveals the 
spectral range of SPP emission and, for each frequency within that 
range, which value of d2 /d1 is required to achieve it. A third way, 
finally, to exploit the graph is, for a given hue of the colour plot (i.e., a 
given value of d2 /d1), to follow the corresponding isochromatic line and 
thus determine the spectral range of SPP emission and which value of L 
is required to achieve any emission frequency in that range. Note that 
the region below the blue boundary of the colour plots corresponds to 
the generation of SPPs when the depth of the groove lies outside the 
domain we chose to limit ourselves to (i.e., d2 /d1 < 0.8). 

The magenta dashed curve in both panels of Fig. 3 indicates the 
dependence of the minimal length Lmin of the active region, given by Eq. 
(13), on the frequency of the emitted SPP for d2 /d1 = 0.8. The curve 
does not coincide with the blue boundary of the colour plot in panel (a), 
because Eq. (13) was obtained for an optimal value of groove length l 
that satisfies the constructive interference condition (for which the 
reflectivity 

⃒
⃒ρright

⃒
⃒ of the groove is maximal) while being small enough 

for losses in the groove region to be neglected. As mentioned earlier, the 
lowest value of l that satisfies these conditions is close to 60 nm, which is 
why the magenta dashed curve coincides with the blue boundary of the 
colour plot in the panel (b). In both panels, the angular frequency ωm at 
which Lmin(ω) reaches its minimum is indicated by a vertical black 
dotted line. Comparing the colour plots in Fig. 3(a) and 3(b) shows that 
because 

⃒
⃒ρright

⃒
⃒ nears its maximum for l = 60 nm, all the other parameters 

being equal, the spectral range for SPP generation is broader (and the 
required minimal length of the active region is shorter) than for 
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l = 10 nm. The value of Lmin(ωm) obtained through the numerical solving 
of Eq. (12) is approximately 12.26 µm for l = 60 nm, which is about 
0.06 µm larger than the value 12.2 µm estimated using Eq. (13). 

As a corollary to the previous discussion, Fig. 4 shows results of the 
numerical solving of Eq. (12), this time for fixed values of the length L of 
the active region (L = 15 µm, 20 µm, and 30 µm in panels (a), (b) and (c), 
respectively), thus depicting, again for d1 = 50 nm, the ratio d2 /d1 as a 
function of the frequency of the generated SPP and the groove length l. 

Domains of potential SPP generation are repeated periodically as l 
increases (three iterations are shown in each panel of Fig. 4), which 
stems from the periodic dependence on the groove length of the overall 
complex reflection coefficient ρright of the groove seen as a distributed 
reflector. Equation (10) shows that the period, in terms of groove length 
l, is equal to π/β

′

2, i.e., about 0.12 µm. As discussed above, for all intents 
and purposes, it is in any case better to retain the lowest possible value of 
l for a given set of the other parameters, in order to limit, and be able to 
neglect, the losses in the groove. 

Comparing Fig. 4(a), 4(b), and 4(c) shows that as L increases, the 
intervals of ω and l that satisfy the generation condition expressed by Eq. 
(12) expand, as graphically evidenced by the increasing area of the 
colour plot. For large values of L, the periodically repeated generation 
domains can even tend to merge near ωm (Fig. 4(c)). Comparing the 
colour gradient of the plots in Fig. 4(a), 4(b), and 4(c) also shows that an 
increase of the active region length L expands the range of values of d2 
/d1 (in essence, the depth of the groove) suitable for SPP generation. 
This is due to the fact that with an increase in the effective SPP ampli-
fication factor (α − 2|β′′

1|) L in the resonator, the generation condition can 
be fulfilled even for a distributed reflector (such as the groove) with a 

lower reflectivity (for which the amplitude reflection coefficient 
⃒
⃒ρright

⃒
⃒ is 

significantly<1), which in turn, leads to wider ranges for the parameters 
l and d2 /d1 that define the geometry of the groove. 

Equation (12) thus predicts that the SPP generation frequency in the 
structure under study strongly depends on the geometrical parameters of 
both the groove region and the active waveguide. The choice of the film 
thickness d1 common to both waveguides is determined by the syn-
chronization condition between the phase velocity of the SPP and the 
drift velocity of the pump current so that amplification can actually take 
place, but the structure can be adjusted to a predetermined working 
frequency (within the admissible range discussed above) by selecting the 
length and the depth of the groove, as well as the length of the active 
waveguide. If the length of the active region is fixed (for example, due to 
fabrication limitations), different generation frequencies can be ob-
tained for different lengths and/or depths of the groove. 

4. Conclusions 

In this study, a graphene-based active plasmonic planar waveguide 
has been proposed for a highly efficient current-driven resonant 
amplification of slow surface plasmon polaritons. This takes place in a 
semiconductor waveguide where surface plasmon polaritons are 
amplified via energy exchange with a direct electric current flowing in a 
graphene layer separating the film from a dielectric substrate. Amplified 
plasmon polaritons are then extracted towards a passive waveguide 
connected to the active region through a narrow and shallow groove that 
also provides the necessary feedback that makes the active waveguide a 
resonant amplifier. 

Fig. 3. Ratio d2 /d1 calculated as a function of the 
frequency of emitted SPPs and the length L of the 
active waveguide by numerically solving Eq. (12) 
for waveguide thickness d1 = 50 nm and for groove 
length l taken as (a) l = 10 nm and (b) l = 60 nm. 
The magenta dashed line shows the spectral 
dependence of the minimal value of the active 
waveguide length Lmin required for SPP generation 
when d2/d1 = 0.8, as estimated by Eq. (13). The 
vertical black dashed line shows the angular fre-
quency ωm = 29.353 ⋅ 1012 rad⋅s− 1 for which Lmin is 
smallest.   

Fig. 4. Ratio d2 /d1 calculated as a function of the generation frequency and the length l of the groove by numerically solving Eq. (12) for waveguide thickness 
d1 = 50 nm and for the length of the active waveguide taken as (a) L = 15 µm, (b) L = 20 µm, and (c) L = 30 µm. The vertical black dashed line shows the angular 
frequency ωm = 29.353 ⋅ 1012 rad⋅s− 1. 
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Amplification requires that a synchronism condition between the 
polaritons and the direct electric current be verified. We show that the 
frequency range and the efficiency of the amplification mechanism are 
determined by the geometric parameters of the entire complex structure, 
in particular those of the groove. A great advantage of the scheme is that 
the structure consists of a single semiconductor film common to the 
active waveguide, the groove, and the adjacent passive waveguide, and 
that both resonant amplification and radiation extraction are realized 
directly in that film. Note that the amplification frequency range can be 
further extended by using a passive waveguide with a thickness different 
from that of the active waveguide. It should also be noted that a similar 
plasmon amplifier could be implemented using a ridge instead of a 
groove between the waveguides. 

The current-driven integrated amplification scheme described in our 
study can be of particular interest for the design and implementation of 
coherent surface plasmon polariton emitters, i.e., spasers. In practice, 
the surface plasmon polaritons can be excited by conventional methods 
using either photon tunneling in the total internal reflection geometry 
(in the Kretschmann or Otto configurations) or diffraction effects [60], 
and be resonantly amplified in the active region. Such current-pumped 
spasers can be expected to find applications for the next generation of 
chip-scale optoelectronic and photonic circuits. 
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