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A B S T R A C T

In this work, we investigated the features of the propagation of surface plasmon-polariton modes
with a frequencies =ω (10 ..10 )rad/s14 15 with a symmetric and antisymmetric distribution of the
electric field in the planar structure of a «graphene-thin dielectric film-graphene». They are re-
ceived the dispersion characteristics for these types of modes. Also we found a spectral range,
where the dispersion waves, phase and group velocity surface waves are most sensitive to change
of a chemical potential of a graphene layers.

1. Introduction

Recently, the wave properties of thin film layered structures containing inclusions from graphene have been actively studied
[1–5]. This is due to that the graphene is currently one of the most promising materials for optoelectronics. In particular, it was
shown that in waveguided structures based on graphene surface plasmon polaritons of the infrared and terahertz range can be excited
and propagated along the «graphene – thin film» interface [6–9]. And their wave characteristics are determined by both of the
dispersion of the waveguided structure material parameters and the dispersion of the surface conductivity of graphene [9,10,30]. The
control of dispersion characteristics can be realized by a change of the chemical potential (CP) of graphene, which depends on the
external electric field and temperature [11,12].

Waveguided structures, in which propagation regime of slow waves is possible are significant interest for many applications of
radiophysics [13–15]. It is shown, that in this structures may be organized the effective interaction between drift charge particles and
propagated slow waves [16,17]. In particular, to create amplifiers and generators of the near and middle infrared range working on
the principle of amplification of electromagnetic waves. Such interaction is based on the principle of operation of such microwave
devices as klystron, traveling-wave- tube and particle accelerators [18]. It is important, that the effective interaction of the elec-
tromagnetic wave and charge carriers and, as a result, the realization of direct energy transfer from the current wave to the elec-
tromagnetic wave, is possible only if the carrier drift velocity in the material medium and the phase velocity of the surface elec-
tromagnetic wave are synchronized. This condition of approximate phase synchronism can be satisfied when the phase velocity of a
wave is significant less than the speed of light in a vacuum [19].

In this moment the propagation of electromagnetic radiation in graphene-based structures has also been actively considered. In
the work [20] in frequency region 18–42 THz for the periodically structure «graphene-dielectric» have been theoretically demon-
strated a dynamically tunable dispersion of symmetric and antisymmetric surface plasmon polaritons. It have been shown that there
are the strong coupling between modes with different symmetry. This strong coupling may be controlled by external gate voltage of
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graphene sheets or ribbon. Also authors analyzed the influence of structure's period on the dispersion of both type modes. Regimes of
SPP propagation in mid infrared range in cylindrycal silica waveguide based on two graphene layers have investigated in Ref. [21].
The proposed cylindrical waveguide structure has a notable advantage for simultaneously achieving a larger propagation length of
SPP for the fundamental mode and is 10 μm. Also, propagation length may be controlled by the level of Fermi energy in structure.

In this paper, we consider the influence of graphene layers deposited on surfaces of thin dielectric film on the its dispersion
properties. We investigate a peculiarities of the propagation of surface modes with a symmetric and antisymmetric distribution of a
wave field in a dielectric film. The possibility of controlling the phase and group velocity of the waveguide modes due to a change in
the chemical potential (CP) of graphene layers is considered.

2. Material parameters

The features of the propagation of surface plasmon polaritons (SPP) will be investigated in a planar structure consisting of a thin
dielectric layer of thickness d. The dielectric function of layer is constant and equal εd in the operating frequency range. The
boundaries of the dielectric film =z 0 and =z d surrounded by two graphene monolayers with surface electrical conductivities σ1,3.
The regarded structure is between two non-conducting media with dielectric constant ε1 and ε3. We assume that all materials of the
structure are non-magnetic, i.e. their permeability is equal to one.

The frequency dependences of the real and imaginary parts of the surface conductivity of graphene in the Kubo model are
determined by the following expressions [22,23]:
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Here are =σ e /4ℏ0
2 - static graphene conductivity, e—electron charge, ℏ—reduced Planck's constant, kB—Boltzmann constant,

T—temperature, =μ v πnℏ F 0—chemical potential, included charge carrier concentration n0 and Fermi velocity vF in graphene.
Fig. 1 shows the frequency dependences of the real (a) and imaginary parts (b) of the surface conductivity of graphene. This

dependences were obtained in accordance with expressions (1) for room temperature and three different values of CP
= −μ ( 0.1, 0, 0.1) eV (points, dashed and solid curves). For a negative CP = −μ 0.1 eV the real part is practically independent of

frequency (point curve, a), and a characteristic resonance occurs at the frequency ≃ ⋅ω 3 10 rad/s14 in the imaginary part (point curve,

Fig. 1. Frequency dependencies of the real (a) and imaginary part (b) of the surface conductivity of graphene for three values of CP
= −μ ( 0.1, 0.0, 0.1) eV (points, dashed and solid curves).
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b). For a zero values of CP =μ 0.0 eV an increase in frequency is accompanied by a growth and saturation of the real part ′σ and the
rapid decline of the imaginary part ′′σ (dashed curves a, b). In case of a positive values graphene CP =μ 0.1 eV the frequency
dependences ′σ ω( ) is contained the region of rapid growth of the real part of the conductivity (solid curve, a) and the dependences

′′σ ω( ) have a characteristic minimum of the imaginary part of graphene conductivity (solid curves a, b). The analysis shows that with
increasing CP the area of growth of intrinsic conductivity ′σ will shift to the high frequency region. The same displacement will have a
minimum of the imaginary part of the conductivity ″σ .

In the general case, graphene CP depends on the external electric field and temperature [12]. Often there is a situation where the
value CP μ can be controlled by applying an external voltage to the plates of graphene. For example, for p-type graphene, the
relationship between external voltageUg and CP can be written as = − −μ U e U ep c φ( ) ( / )g g g 0 , where p is the surface concentration of
holes, cg is the capacitance of a unit area of graphene, φ0 is the residual electric potential [24]. It is shown that the negative and zero
CP can be achieved by applying reverse and zero voltage respectively [11,25].

3. Dispersion equation

We will regard propagation of SPP with a TM polarization along the longitudinal axis x on the both interfaces of the media =z 0
and =z d. Wave field components of SPP are =F E H E( , , )α x y z . Dependence their components on time and along x and transverse z
coordinates may be written as:

= −F x z t F z i ωt βx( , , ) ( ) exp [ ( )],α α (2)

where F z( )α is profile function of respective component of wave field, = ′ + ′′β β iβ is complex constant of propagation. The re-
lationship between these components is determined by the equations:
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=k ω c0 , с is speed of light in vacuum.
In order to solve the boundary problem for SPP in considered structure it is necessary take into account the graphene conductivity

on the each boundary of structure =z d0, :

= − = ±E E H H π c σ E, (4 / ) .x x y y x1,3 2 1,3 2 1,3 1,3 (4)

The dispersion equation for SPP in this structure is obtained from the condition of equality to zero of determinant of system Eq.

Fig. 2. Dispersion dependencies for symmetric (a, c) and antisymmetric (b, d) plasmon polaritons for CP values = =μ μ 0.0, 0.1, 0.2, 0.3 eV2 1 (a, b,
curves 1–4) and = − =μ μ 0.0, 0.1, 0.2, 0.3 eV2 1 (c, d, curves 1–4). The thickness of a dielectric layer is =d 10 nm.
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In Eq. (5) σ1 and σ3 are the surface conductivities of the upper and lower graphene layers. In the absence of graphene at the
boundaries of the structure Eq. (5) is reduced to the standard dispersion relation for bulk modes in dielectric waveguide [26]. The
dispersion relation (5) is simplified for case the same CP and therefore the same conductivities = =σ σ σ1 3 and when dielectric
constant of cover media is equals = =ε ε ε1 3 :
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where =q qd 2, =q q1,3. In turn the Eq. (6) can be divided into two equations for surface symmetric and antisymmetric modes
respectively:
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In relationships (7) parameter = +γ i πσq ck1 4 0 is equal to one in absence of a graphene on the boundaries structure.
The dependence of the tangential component of the electric Ex and magnetic Hy fields of the SPP on the transverse coordinate z is

written in the form:
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Fig. 3. Dispersion dependencies for symmetric (a) and antisymmetric (b) plasmon polaritons for three values of dielectric layer thicknesses
=d 20, 30, 50 nm (curves 1–3). The CP of a graphene is =μ 0.1 eV .
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here E0 is amplitude of the electric field SPP on the boundary =z 0.
Below there are the results of a numerical analysis of the regime propagation of surface symmetric and antisymmetric modes in

the considered structure.

4. Numerical analysis

We assume that the structure is in a vacuum and the dielectric constant of the central layer is =ε 5d . Thickness of the thin films is
taken equal =d 10 nm. The analysis is carried out for the spectral range = − ⋅ω (0.3 1.5) 10 rad/s15 in which the change in the CP of
graphene leads to significant changes in the propagation constant. In this case the control of the dispersion characteristics of the SPP
is most effective. Fig. 2 shows the dispersion dependences ′ω β( ), which are solutions of Eq. (7) for symmetric (a, c) and antisymmetric
(b, d) modes. Here the propagation constant ′β is normalized to the value = = ⋅k k T c/ℏ 1.31 10 cmT B

3 -1. In this work the calculated CP
values of graphene layers are assumed to be equal = =μ μ 0, 0.1, 0.2, 0.3 eV1 2 (curves 1–4, a, b) and = − =μ μ 0, 0.1, 0.2, 0.3 eV1 2
(curves 1–4, c, d). It is seen, that for antisymmetric modes (b, d) the region of change ′β is almost twice the size of the corresponding
region for symmetric modes (a, c). For case of = −μ μ1 2 on the dispersion curves there are the characteristic resonances appear
associated with the resonances of the imaginary part of the graphene conductivity at the corresponding frequency (see Fig. 1b,
points). This feature leads to the appearance of an additional frequency region in which the group velocity of the SPP can take zero
and negative values. The position of the resonances can be controlled by changing the variation of CP. The analysis shows that surface
waves are realized in the structure also for large values of CP >μ 0.3 eV. In this case the spectral interval of their existence is shifted
to the high frequency region, and the range of variation of the propagation constants is narrowed.

In Fig. 3 presents the dispersion dependences for symmetric (a) and antisymmetric (b) SPP for three different values of the
thickness of the dielectric layer =d 20, 30, 50 nm (curves 1–3). The value of CP graphene is =μ 0.1 eV. It can be seen that the region
of existence of symmetric modes turns out to be much narrower than that of antisymmetric modes. In this case the region of existence
of the surface mode sharply narrows both in the range of propagation constants and in the frequency range as the thickness of the

Fig. 4. The distribution of the electric field in the transverse coordinate for symmetric (a) and antisymmetric (b) SPP for three values of CP
= −μ ( 0.1, 0.0, 0.1) eV (points, dashed and solid curves). Frequency of SPP is = ⋅ω 7.5 10 rad/s14 .
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Fig. 5. Frequency dependences of group velocities for symmetric (a) and antisymmetric SPP for three values of CP = −μ ( 0.1, 0.0, 0.1) eV(points,
dashed and solid curves).

Fig. 6. Frequency dependences of phase velocities for symmetric (a) and antisymmetric SPP for three values of CP = −μ ( 0.1, 0.0, 0.1) eV(points,
dashed and solid curves).
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dielectric layer increases.
In work [10] have been investigated multilayer structures containing graphene and dielectric layers. The relevant dispersion

relations are received, it is demonstrated that tuning can be achieved by modifying the Fermi energy. It is shown, tunability of the
graphene-dielectric heterostructures can be controlled by changing either the thickness of the dielectric layers or the number of
graphene sheets employed.

Next we plot the distributions of the normalized amplitude of the electric field on the transverse coordinate of symmetric (a) and
antisymmetric (b) surface modes for the values of CP = −μ ( 0.1, 0.0, 0.1) eV (points, dashed and solid curves) as shown in Fig. 4. This
distributions are obtained according to expressions (8) at a SPP frequency = ⋅ω 7.5 10 rad/s14 . The change in CP of graphene leads to
modification of the distribution of the SPP field in the structure, which is most noticeable for symmetric modes. We note that the
symmetry of the distribution of the wave magnetic field is opposite to the symmetry of the distribution of the electric field in the
structure. In work [27] were plotted the profiles of electric and magnetic fields in the graphene–metal waveguide for two values of
applied voltage. It is found the SPP attenuation increases when applied voltage is adjusted from 6 to 7.76 V.

On the basis of the above dispersion dependences ′ω β( ) we consider the behavior of the group velocities = ′V dω dβ/g and phase
velocities = ′V ω β/p of SPP propagating in the structure. Fig. 5 shows the dependences V ω( )g for symmetric and antisymmetric (a, b)
surface modes for the previously chosen three CP values. For both types of surface modes, both positive and negative group velocities
can be achieved in the considered frequency range. It can be seen that at the critical frequency ωcr , which on the dispersion de-
pendences corresponds to the maximum of the propagation constant ′β , the group velocity changes its sign. Up to the critical
frequency the group velocity is positive, and the frequencies >ω ωcr are characterized by a negative group velocity of the SPP. The
boundaries of the frequency range, in which the group velocity is negative expand with increasing CP of graphene. In a narrow region
of frequencies close to critical the group velocity tends to infinity → ∞Vg . An exception is the case =μ 0 (points) for which when the
sign of the group velocity changes in the resonance region, both types of modes are characterized by zero group velocity, i.e., the full
stop of the SPP. For effective interaction of surface waves with carrier fluxes and other excitations in the structure must be conditions
of phase synchronism between them. In order to phase synchronism conditions to be satisfied the phase velocity of the SPP must be
close to the velocity of the carriers or excitations. On the Fig. 6 we plotted the dependences V ω( )p for symmetric and antisymmetric
(a, b) surface modes for the three previously chosen CP values. With the selected design parameters the minimum possible magnitude
of phase velocity of SPP is achieved for antisymmetric modes with =μ 0.1 eV (solid curve, b) and is ≈V c 0.012p . The frequency range
in which small values of phase velocities of the SPP are achieved significantly expands at zero CP (dashed curves). Note that with
increasing frequency starting from ≃ ⋅ω 5 10 rad/s14 , an increase in phase velocities is observed for both types of modes, however, for
symmetric modes it is faster than for antisymmetric modes.

Fig. 7. Frequency dependencies of the penetration depth of SPP in the dielectric film (a) and coating media (b) for symmetric (curves 1) and
antisymmetric (curves 2) SPP with values CP = −μ ( 0.1, 0.1) eV (points and solid curves).
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The deceleration of the surface modes and first waveguide modes was investigated in the structure of the «dielectric waveguide -
monolayer graphene-covering medium» [4,28,29]. It is established that the value of the effective refractive index for the IR modes
was close to 100. This indicates that the phase velocities of the propagating modes can be almost two orders of magnitude smaller
than the speed of light in a vacuum.

Now we will consider the question of the penetration depth of the surface wave in the structure. Fig. 7 shows the frequency
dependences of the penetration depth of the wave field in the dielectric film = ′λ q1d d (a) and in the coating medium = ′λ q11,3 1,3 (b)
with two values graphene CP = −μ ( 0.1, 0.1) eV (points and solid curves) for symmetric (curves 1) and antisymmetric (curves 2)
surface modes. Analysis shows that the localization of the field in the dielectric film is significantly higher than in the vacuum. At the
same time, the localization of antisymmetric modes is higher than symmetric modes, i.e., the penetration depth of occurrence for
symmetric SPP at a fixed frequency is higher than the depth for antisymmetric SPP. A variation of the graphene CP also leads to a
change in the penetration depth at a fixed frequency. This is most effective at frequencies = ⋅ω (0.2..0.5) 10 rad/s15 . Thus, the field of the
symmetric mode is more concentrated in the volume of waveguide structure. Consequently, for the modes of this type the energy loss
during propagation will be higher than for antisymmetric modes.

Very important for the practical use of surface waves is the question of the propagation length of SPP in a waveguide structure.
Propagation length of SPP related to the imaginary part of the propagation constant by the ratio ≈ ′′l β1 . For the selected spectral
range on the Fig. 8 we plotted the frequency dependences of the magnitude ′′β for symmetric and antisymmetric (a, b) modes is
obtained for the value of CP =μ 0.1 eV and film thicknesses =d 20, 30, 50 nm (curves 1–3). It can be seen that in the region of
existence of the SPP with increasing film thickness the damping decreases and, therefore, the length propagation increases. At that for
symmetric modes the value should be practically twice as large as for antisymmetric ones with identical film thicknesses. For
example, in work [31] for SPP from frequency range = ⋅ω (0.1..4.0) 10 rad/s15 also have been shown, that the absorption in structure
and localization of SPP depend on the level of Fermi energy, hence and from CP. Additionally, absorption can be influenced by
changing the material of the dielectric layer between the graphene sheets and its thickness.

However, the propagation length of the surface wave in the structure is extremely small and is comparable with the thickness of
the waveguide layer. For comparison in the optical range the path length of the SPP in the structure based on nanometer metal
thickness exceeds corresponding path length of SPP in graphene structure. Usually, propagation length of SPP in metal is from a few
units to tens of microns [32]. However the use of graphene layers allows effectively manage by the characteristics of propagating SPP
by the external electric fields and temperature.

Thereby to use the features indicated in the work in practice compensation of losses in the structure is necessary. This can be

Fig. 8. Frequency dependencies of the imaginary part of the propagation constant for symmetric (a) and antisymmetric (b) SPP for thicknesses of 20,
30, and 50 nm (curves 1–3).
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realized, for example, by creating an effective interaction of the SPP field with the current pumping wave supplied to the structure in
conditions close to phase synchronism.

5. Conclusion

In this work we investigated the propagation features of symmetric and antisymmetric plasmon polariton modes in a dielectric
structure located between two graphene monolayers. It is shown that a change in CP graphene leads to a change in the dispersion of
SPP in the structure. For antisymmetric modes there is a frequency range, which is characterized by a low phase velocity, which is
almost two orders of magnitude different from the speed of light in a vacuum. For both types of field distribution the negative group
velocity of the SPP is realized, and with increasing CP the boundaries of this interval expand. When a zero chemical potential is
applied the zero group velocity of the OP can be occurred. It creates conditions for their further effective interaction with external
pumping. This condition allows one to realize on the basis of the considered structure plasmon resonators with a high quality factor.

Nevertheless, the analysis shows that the length of the SPP in the waveguide structure is extremely small and does not exceed
several nanometers. In this regard for the application of these wave features in practice, it is necessary to create additional conditions
for amplifying attenuated in the structure of the SPP.
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