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Abstract—We investigate the dispersion properties of the first waveguide modes in a dielectric film that is
coated with graphene layers having different chemical potential values. The control over the phase and group
velocities of the first waveguide mode is considered. Spectral intervals in which the phase velocity of the wave-
guide modes is small, while their group velocity is negative, are revealed. We show that the dispersion char-
acteristics of the waveguide modes can be rearranged using an external electric field.
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INTRODUCTION
In recent times, metal–dielectric planar structures,

in particular, their waveguide properties, have
attracted attention from researchers [1–3]. One such
important property of these structures is the occur-
rence of a broad frequency range in metals in which
the dielectric permittivity is negative, which makes it
possible to excite surface plasmon polaritons at inter-
faces between a metal and a dielectric [4]. The wave
characteristics of surface and bulk plasmon polaritons
are largely determined by the character of the disper-
sion of material parameters of bordering media. The
behavior of plasmon polaritons in metal–dielectric
waveguide structures and the possibilities of their
practical applications have been considered in detail in
[3, 5–7]. However, the use of metal films as a wave-
guiding layers inevitably leads to significant losses and
to a significant decrease in the path length of plasmon
polaritons.

Waveguiding structures in which propagating
waves can be substantially slowed down are of consid-
erable interest, since this is important for solving many
applied problems of photonics. There are many mate-
rials and structures in which the propagation of slow
waves has been theoretically predicted and experimen-
tally realized. First of all, these are high-temperature
superconductors [8], photonic crystals and metamate-
rials [9], and planar structures containing semicon-
ductor films [10].

Deceleration of waves and control over their dis-
persion characteristics in guiding structures can also
be achieved by forming structures using graphene lay-
ers, the chemical potential (ChP) of which signifi-
cantly depends on the temperature and external elec-
tric field [11, 12]. Graphene layers can be used as coat-

ings of a dielectric core in planar waveguides [11, 13–
15] or in optical fibers [16], as well as in more complex
structures. It was shown in [17] that the dispersion
properties of waveguide TE modes in a rectangular
waveguide with metal walls, dielectric filling, and a
graphene layer can be controlled not only by changing
the ChP of the graphene layer, but also by its position-
ing inside the waveguide. The authors of [18] investi-
gated peculiarities of the dispersion of surface plas-
mons in a structure formed by a rectangular dielectric
waveguide, a graphene monolayer, and a coating
medium. Efficient control of the properties of guided
waves in various waveguide structures based on
graphene can be realized both by electric and by mag-
netic fields [19].

In this work, we study the effect of graphene layers
deposited on the surface of a dielectric film on the dis-
persion properties of waveguide modes in the film.
The possibility of controlling the phase and group
velocities of waveguide modes by symmetric or asym-
metric changing of the ChP of the graphene layers is
considered.

MATERIAL PARAMETERS
OF THE STRUCTURE

Let us investigate the waveguide propagation
regime of modes in a planar structure that consists of
a thin dielectric film with thickness d, dielectric per-
mittivity εd of which does not have dispersion in the
spectral range under consideration and is a real-valued
quantity. On the two surfaces of the film, z = 0 and z =
d, two monolayers of graphene are deposited with dif-
ferent ChPs, μ1 and μ2; therefore, the conductivities of
the layers, σ1 and σ2, are also different. The film with
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Fig. 1. Geometry of a structure.
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Fig. 2. Frequency dependences of (a) real σ' and (b) imag-
inary σ'' parts of the surface conductivity of graphene at
μ = 0, 0.1, 0.2, 0.3, and –0.1 eV (curves 1–5).
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the graphene layers is placed between two nonmag-
netic media with dielectric permittivities ε1 and ε3. The
geometry of the structure is shown in Fig. 1.

The frequency dependences of the real and imagi-
nary parts of the complex surface conductivity σ =
σ' + iσ'' of doped graphene were determined in terms
of the Kubo model by the following relationships
[20‒22]:

(1)

Here,  is the fundamental (static) conduc-
tivity of graphene, e is the electron charge, h is the
Planck constant, ω is frequency, kB is the Boltzmann
constant, and T is temperature. The ChP in these
expressions is given by μ = , where n0 and 
are the concentration of charge carriers and the Fermi
velocity in graphene.

Figure 2 shows the frequency dependences of the
real and imaginary parts of the surface conductivity of
graphene, which were plotted in accordance with
expressions (1) for values of the ChP μ = –0.1, 0.0, 0.1,
0.2, and 0.3 eV (curves 1–5), which can be varied
experimentally with an external electric field. Herein-
after, our numerical analysis was carried out at the
working temperature of T = 300 K. Zero and negative
values of the ChP are achieved by applying zero and
reverse bias voltages, respectively [23]. It can be seen
that, as the ChP increases, the range of growth of
intrinsic conductivity σ' shifts to higher frequencies
(curves 3–5 in Fig. 2a). The same shift is also experi-
enced by a minimum of the imaginary part of conduc-
tivity σ'' (curves 3–5 in Fig. 2b). At zero and negative
values of the ChP, the real part of the conductivity is
practically independent of frequency (curves 1 and 2
in Fig. 2a), and the imaginary parts do not enter the
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negative range (curves 1 and 2 in Fig. 2b). If the imag-
inary part of the conductivity is negative in a fairly
wide frequency range (curves 3–5 in Fig. 2b), in a
dielectric waveguide with graphene layers on the sur-
faces, the propagation of both waveguide and surface
modes is possible. Under the condition σ'' > 0, only
bulk waves can propagate. This condition is satisfied
for all ChP values (curves 1–5).

WAVE FIELDS
AND THE DISPERSION RELATION

In the examined waveguide structure, modes of the
two types of linear polarization, TM and TE, can
propagate. The components of the wave field of these
modes depend on time and coordinates as follows:

(2)

where  are the profile functions, ω is frequency,
and β is the complex propagation constant. For a wave
of the TM type, the relationships between the compo-

α α= ω − β( , , ) ( )exp[ ( )],F x z t F z i t x

α( )F z
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nents of the field in each of the media ( j = 1, 2, 3) are
determined by the equations

(3)

Here, qj are the transverse components of the wave

vector in each of the media. In this case,  =  –

, and  =  – , where , and с is the
speed of light in vacuum.

To solve the boundary problem, we will use the
boundary conditions for the tangential components of
the electric and magnetic fields of the mode,

(4)

Equating the determinant of the system of the two
pairs of Eqs. (4) to zero, we obtain the dispersion rela-
tion for the waves propagating in the structure:

(5)

This equation, in view of the complexity of its param-
eters, determines the relationship between the real and
imaginary parts of the wavenumber  with
the frequency of the electromagnetic wave. Here,
Eq. (5) is written for the case of different conductivi-
ties at the waveguide boundaries and contains three
different transverse components of the wave vector. In
the approximation  (i.e., in the absence of
graphene layers), expression (5) is reduced to the stan-
dard dispersion relation for a bulk mode in a dielectric
waveguide [24].

NUMERICAL ANALYSIS
Below, we present the results of our numerical

analysis of the regimes of waveguide propagation in
the structure under consideration. In what follows, we
will assume that the structure is in a vacuum; there-
fore, ε1 = ε3 = 1. The next two figures show the disper-
sion dependences for the waveguide modes in the
examined structure, which are solutions of Eq. (5) and
are presented as the dependences of the frequency on
the normalized real part of propagation constant β'.
Normalization was carried out to the quantity

, the value of which for the working tem-
perature of T = 300 K was kT = 1314.24 cm–1. In
Fig. 3a, these dependences were obtained for the first
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three waveguide modes with the numbers m = 0, 1, and
2 (curves 1–3) at identical of the ChP of the graphene
layers at both boundaries μ1 = μ2 = 0.1 and 0.2 eV
(solid and dashed curves, respectively). It can be seen
that, at the chosen fixed value of the propagation con-
stant, a change in the ChP of the graphene layers from
0.2 to 0.1 eV, makes it possible to considerably extend
the spectral range of occurrence of waveguide modes
in the structure. Thus, at β'/kT = 400, a similar change
in the ChP leads to a more than twofold extension of
the spectral interval of the first waveguide mode. Fig-
ure 3b shows the dispersion dependences for the
dielectric layer thicknesses d = 10, 20, and 50 nm
(curves 1–3). It can be seen that, with an increase in
the thickness of the dielectric film, the mode still
exists in the entire spectral interval under consider-
ation, but the range of propagation constants that cor-
respond to fixed frequencies significantly narrows.
Even at film thickness d = 50 nm (curve 3), the disper-
sion law becomes almost linear.

In [17], the dispersion properties of the first TE
modes in a rectangular waveguide with metal walls,
dielectric filling, and a graphene layer have also been
controlled by changing the ChP of graphene. It was
also found that the transmission and reflection coeffi-
cients of the waveguide modes are influenced by the
ChP. In this case, the distance from the graphene
monolayer to the metal walls of the waveguide has an
additional effect on the dispersion of the wave and
waveguide characteristics.

Figure 4 shows the dispersion dependences for the
first waveguide mode at different combinations of the
ChP of graphene layers. Initially, we will consider a
symmetric situation in which μ1 = μ2 = 0.0, 0.1, 0.2,
and 0.3 eV (Fig. 4a, curves 1–4). Our analysis shows
that, in the considered spectral range ω = 1014–1015 s–1,
the first mode can propagate in the structure only if
μ1 = μ2 ≤ 0.3 eV. In this case, the maximum value of
the propagation constant is β' ≈ 600kT, and it is
achieved at μ1 = μ2 = 0.1 eV, which corresponds to a
smallest value of the mean free path of the wave for the
chosen values of the parameters. As the ChP of the
graphene coatings increases, the range of existence of
the first mode shifts to higher frequencies, and the
range of possible propagation constants narrows; i.e.,
the interval of the path lengths of the mode at a fixed
frequency value narrows. Thus, for μ1 = μ2 = 0.5 eV,
waveguide modes can exist in the frequency range ω =
(1.6–2.0) × 1015 s–1. In this case, the maximum value
of their propagation constant decreases to β'/kT ≈ 23,
which corresponds to an increase in the free path of
the wave for the chosen values of the parameters.

In an asymmetrical situation, in which the ChP
changes only for one of the graphene layers, for exam-
ple, μ1 = 0.1 eV, while μ2 = 0.0, 0.2, and 0.3 eV
(Fig. 4b, curves 1, 3, and 4), the dispersion relations
acquire a more complicated form. It can be seen that
TICS AND SPECTROSCOPY  Vol. 126  No. 2  2019
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Fig. 3. Frequency dependences for waveguide modes with
m = 0, 1, and 2 ((a), curves 1–3) at μ1 = μ2 = 0.1 and 0.2 eV
(solid and dashed curves, respectively); (b) frequency
dependences for the first mode at μ1 = μ2 = 0.1 eV and d =
10, 20, and 50 nm (curves 1–3).
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Fig. 4. Frequency dependences for the first mode with (a)
μ1 = μ2 = 0, 0.1, 0.2, and 0.3 eV (curves 1–4); (b) μ1 =
0.1 eV and μ2 = 0, 0.1, 0.2, and 0.3 eV (curves 1–4); and (c)
μ1 = 0.1 eV and μ2 = 0.1 and –0.1 eV (curves 1, 2) and μ1 =
μ2 = –0.1 eV (curve 3).
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the greater the difference between the ChP of the lay-
ers, the greater is the degree to which the character of
the dispersion of the waveguide modes changes, and
peculiarities associated with the presence of graphene
begin to appear: in particular, the range of their exis-
tence also narrows, but additional extrema of depen-
dence β'(ω) appear, which correspond to an infinitely
large group velocity. Moreover, by varying the values
of the ChP of graphene layers, it is possible to shift the
frequency range in which the group velocity of waves is
negative. At negative values of the ChP on one of the
coatings, bends appear on the dispersion dependences
as a result of the occurrence of a resonance of the
imaginary part of the graphene conductivity: μ1 =
0.1 eV, μ2 = 0.1 and –0.1 eV (Fig. 4c, curves 1, 2). The
OPTICS AND SPECTROSCOPY  Vol. 126  No. 2  2019
effect becomes more pronounced when the values of
the ChP of the graphene layers are negative: μ1 = μ2 =
–0.1 eV (curve 3).

Figure 5 shows the distributions of the electric and
magnetic fields of the first mode (m = 1) over the cross
section of the structure that correspond to the fre-
quency ω = 4 × 1014 s–1 and different ChP values μ1
and μ2. The distributions were plotted for the two cases
in which (i) μ1 = μ2 = –0.1, 0.0, and 0.1 eV (dashed,
solid, and dotted curves, respectively, in Fig. 5a) and
(ii) μ1 = 0, 0.1, and 0.3 eV, while μ2 = 0.1 eV (dashed,
solid, and dotted curves, respectively, in Fig. 5b). It is
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Fig. 5. Distributions of the electric and magnetic fields over the structure for the first waveguide mode at (a) μ1 = μ2 = –0.1, 0.0,
and 0.1 eV (dashed, dotted, and solid curves, respectively) and (b) μ1 = 0, 0.1, and 0.3 eV and μ2 = 0.1 eV (dashed, solid, and
dotted curves, respectively); ω = 6 × 1014 s–1.
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seen that the occurrence of graphene monolayers leads
to a discontinuity of the magnetic field at the bound-
aries of the waveguide layer. At symmetric values of
the ChP, the distributions of the fields in the wave-
guide structure also are symmetric. This figure also
shows the case of an antisymmetric electric field and a
symmetric magnetic field. At μ1 ≠ μ2, the symmetry in
the distribution of the fields disappears. By changing
the value of the ChP, one can significantly modify the
distribution of the wave field in the structure, thereby
affecting its dispersion properties.
OP
Further, based on the above dispersion depen-
dences, we considered the influence of graphene coat-
ings on the frequency dependences of the phase
(Fig. 6) and group (Fig. 7) velocities for the first wave-
guide mode. These dependences were plotted using
the following values of the ChP: (i) μ1 = μ2 = –0.1, 0.1,
0.2, and 0.3 eV (Figs. 6a, 7a, curves 1–4) and (ii) μ1 =
0.1 eV, while μ2 = –0.1, 0.1, 0.2, and 0.3 eV (Figs. 6b,
7b, curves 1–4). For phase velocity  = ω/β', after its
sharp fall in a narrow spectral range, a subsequent
smooth growth of this quantity is observed, which is

vph
TICS AND SPECTROSCOPY  Vol. 126  No. 2  2019
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Fig. 6. Frequency dependences of the phase velocity for
the first waveguide mode at (a) μ1 = μ2 = –0.1, 0.1, 0.2,
and 0.3 eV (curves 1–4) and (b) μ1 = 0.1 eV and μ2 = –0.1,
0.1, 0.2, and 0.3 eV (curves 1–4). 
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characteristic of the ChP values μ1 = μ2 = 0.1 and
0.2 eV (Fig. 6a, curves 2, 3). Minimum values that the
phase velocity of the wave can reach in the structure
are /c  0.02 (i.e., a 50-fold slowing-down), and
they correspond to a zero ChP (curve 1). From the
point of view of the wave slowing-down, the choice of
the zero ChP is optimal, at which vph can be consid-
ered to be small and constant in the range ω = (1–3) ×
1014 s–1. If the values of the ChP at the waveguide
boundaries are different, the function (ω) may have
one or several extrema (Fig. 6b, curves 3, 4), which
opens up additional possibilities for controlling. We
note that, compared to the case in which the values of
the ChP of the coatings are equal to each other and the
ranges of observation of the waves narrow with a
simultaneous increase in the ChP, if the ChP of the
upper boundary is fixed, while that of the lower
boundary varies, no narrowing of the range of exis-
tence of the waves takes place (Fig. 6b, curves 2–4).

The slowing-down of the first waveguide modes in
the structure formed by a dielectric waveguide, a

vph �

vph
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graphene monolayer, and a covering medium has also
been established in [18]. Thus, in the mid-IR range
(8–16 μm), the values of the mode effective refractive
index reached values close to 100. This indicates that
the phase velocities of waves propagating in the struc-
ture can be almost two orders of magnitude lower than
the speed of light in a vacuum.

Group velocity , up to the critical fre-
quency, which corresponds to the inflection of the dis-
persion curve (and, as a result, to the tendency to
infinity  → ∞), is characterized by positive values.
For waves with frequencies ω > ωcr, the group velocity
is negative. The frequency range, in which the group
velocity is negative, can be shifted due to a change of
the ChP of the lower coating (Fig. 7a, curves 1–4). At
the values of the ChP μ1 = 0.1 eV and μ2 = 0.2 eV, the
group velocity acquires small and positive values in the
frequency range ω = (1.0–3.5) × 1014 s–1 (Fig. 7b,
curve 3). For negative values of the ChP, an additional

= ω βv / 'g d d

vg
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frequency range appears in which a negative group
velocity of the waveguide mode is observed (curves 2, 3).

CONCLUSIONS
In this paper, we considered particular features of

the propagation of first waveguide modes in a dielec-
tric layer that was placed between two graphene
monolayers. The ChP of graphene can be varied by
changing the gate voltage between the graphene coat-
ings. We showed that the dispersion parameters of the
first waveguide mode can be controlled by changing
the ChP of the graphene layers. In particular, one can
control the range of existence of the waveguide mode,
its phase and group velocities. The examined wave-
guide structure can be used as a basis for compact
dielectric waveguiding structures, the dispersion char-
acteristics of which can be rearranged by an external
electric field in the process of propagation of modes.
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