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Abstract. The possibility of perfect (i.e. non-reflective) tunneling of microwave radiation through planar
structures containing layers with negative material parameters is investigated. A symmetric trilayer is
considered, including two ferrite layers, which are magnetized by an external field. The conditions of perfect
tunneling are obtained analytically using the transfer matrix method. By the numerical solution of the obtained
equations, the positions of the highest transmission peaks in the spectrum of the structure are determined.
The controllability of the transmission spectra due to the external magnetic field is shown.
1 Introduction

Metamaterials are artificial structures with properties that
are beyond the properties of their constituent components.
In particular, the material electrodynamic parameters of
metamaterials � permittivity e and permeability m � can
take not only positive, but also negative values. In this
regard, such media are referred as single-negative (SNG) or
double-negative (DNG) materials [1–3]. If Re e< 0 and
Rem> 0, then the SNG material is called electrically
negative (ENG), and in the case of Re e> 0 and Rem< 0 �
magnetically negative (MNG). Materials with both posi-
tive e and m are denoted as DPS (double-positive).

An electromagnetic wave in SNGmaterial is evanescent
(non-propagating) with zero intensity, so such a media are
opaque for electromagnetic radiation. This characteristic
limits their practical use, because even in the case of
minimal losses, they are ineffective [3,4]. However, it is
known that the presence of several such layers in the
structure (as well as certain their combinations with DPS
or DNG layers) makes it possible to obtain almost complete
transmission of incident radiation through the structure
(“perfect electromagnetic tunneling”) [4–8]. In general, such
perfect (non-reflective) tunneling may be reached for any
type of waves in various structures supporting evanescent
waves when certain matching conditions are met [4,7–11].
Up to date, a lot of various layered tunneling systems
containing SNG [4,9,12–15] or DNG [4–6,16–18] layers
have been demonstrated to realize the perfect tunneling.
Thus, in [9,19–23] for the structures DPS-ENG-DPS it was
found that the transmittance reaches values very close to
unity in a wide range of values of the angle of incidence of
TE and TM polarization radiation. The authors of [23]
have demonstrated that by changing the negative
permittivity of the middle layer, it is possible to achieve
sa_rpe@mail.ru
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the existence of fairly wide regions of weak reflection,
which, in turn, makes it possible to increase the fraction of
absorption by solar cells.

Despite the available results, the problem of selecting
the parameters of structures that provide the regime of
“near-perfect” tunneling remains relevant. Of particular
interest is the possibility of controlling the position of the
frequency interval of extremely high transmittance. The
tuning ability of refractive index in natural and artificial
materials is crucial for numerous photonic applications in
different frequency ranges from microwave to visible.
Recently, a variety of schemes have been proposed in which
the electromagnetic response of a material is controlled by
changing the temperature [24,25], external fields [25–29] or
illumination [30–32]. Usually, the manipulation of electro-
magnetic properties is achieved through the introduction of
some active media into the material.

In this regard, we study the tunneling of electromag-
netic wave through a structure with two magnetically
negative (MNG) layers separated by a layer of a
nonmagnetic metamaterial with the frequency dispersion
of the permittivity. The tunneling of the microwave
radiation through similar structures can be near-perfect if
the low loss ferrite is used as a MNG medium [27,33–34].
We obtain the conditions of perfect tunneling for the case of
negligible losses in the layers of the structure. The obtained
solutions of the equations are analyzed depending on the
parameters of the structure. Further we find the frequen-
cies at which the transmittance T≈ 1 for real lossy trilayer.
The changeover of the transmission spectra by external
magnetic field is considered.

2 Geometry of the problem and parameters
of the structure

Consider a symmetric three-layer structure with layer
thicknesses L1=L3≠L2. We assume that it is placed in a
-p1
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Fig. 1. Geometry of the problem.

Fig. 2. The material parameters of the structure under study:
the real parts of permittivity e0 (1) and effective permeability m0

⊥
(2) as functions of frequency at H0= 25 Oe.

2 S.A. Afanas’ev et al.: Eur. Phys. J. Appl. Phys. 95, 20501 (2021)
vacuum and consists of a central layer 2 of a nonmagnetic
(permeability m2= 1) metamaterial with a frequency
dispersion of its permittivity and two adjacent layers 1
and 3 of transversely magnetized ferrite (yttrium iron
garnet Y3Fe5O12). A plane electromagnetic TEM wave is
normally incident on the structure from the vacuum. We
assume that the normal to the interfaces between the layers
and the wave vector k0 of the incident wave are directed
along the Oy axis, and the orientation of the external
magnetic field coincides with the direction of the Oz axis
(see Fig. 1).

For the frequency dependence of the permittivity of the
layer 2, we use the Drude expression [9,20]:

eðvÞ ¼ 1� v2
p

v ðv� iGÞ ; ð1Þ

where vp is the plasma circular frequency, and G is the
damping frequency. The sign of the real part e0 of the
permittivity (1) depends on the choice of the operating
frequency in relation to the plasma frequency.Whenv<vp
the layer 2 is an ENGmedium, and when v>vp it is a DPS
medium. In further calculations, the following values of the
parameters in (1) were used: fp=vp/2p=3.2 GHz,
G=10�3vp.

In the presence of an external magnetic field in the
considered geometry, the permeability of ferrite is
anisotropic and is described by a tensor with the
components determined by the following expressions [35]:

mxx ¼ myy ¼ m ¼ vHðvM þ vHÞ � v2

v2
H � v2

;

mxy ¼ �myx ¼ ma ¼
ivvM

v2
H � v2

;mzz ¼ 1; ð2Þ

where are entered the parameters vM=4pgMs, and
vH= gH0; Ms is the saturation magnetization and
g=1.76 · 107 Oe�1 · s�1 is the gyromagnetic ratio. Taking
into account losses in (2), the parameter vH should be
replaced by vH+ igDH (DH is the width of the ferromag-
netic resonance line). In the numerical simulations, the
following ferrite parameters were used: 4pMs=1850 G,
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DH=1 Oe, the ferrite permittivity ef ¼ e0f � ie00f ,
where e0f ¼ 14:8 and dielectric loss tangent is tan d ¼
e00f=e0f ¼ 2⋅10�4.

When a wave propagates perpendicular to the magnetic
field H0, two eigenwaves with orthogonal polarization, TM
and TE, can exist in each of the layers. The characteristics
of the TM wave are insensitive to the magnetic field in the
ferrite layers; therefore, it is not considered in this work.
The features of the high-frequency behavior of the TEwave
are largely related to the frequency and field dependence of
the effective ferrite permeability

m⊥ v;H0ð Þ ¼ m� m2
a=m: ð3Þ

Its real part m0
⊥ is resonantly dependent on frequency;

the sign change of m0
⊥ occurs at resonance vr and

antiresonance var frequencies, respectively. Expressions
for these specified frequencies are defined as zeros of the
function m0

⊥ðvÞ:

vr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vHðvM þ vHÞ

p
;var ¼ vM þ vH : ð4Þ

In the region vr<v<var, the ferrite layers 1 and 3
behave as MNG media, and in the regions v<vr and
v<vr they are DPS ones.

The dependences of the real part m0
⊥ of the effective

ferrite permeability, as well as of the real part e0 of the
central layer permittivity on the frequency f=v/2p
are shown in Figure 2. For the field H0= 25 Oe chosen
for the calculations in Figure 2, the range of negative values
of m0

⊥ is limited by the frequencies fr≃ 0.6 GHz and
far≃ 5.25 GHz.

Depending on the magnitude of the magnetizing field
H0, the values of the frequencies fr and far are shifted
relative to the fixed value of the plasma frequency fp. In this
regard, three types of the structure under study are
possible, which are presented in Table 1.

In this paper, we present an analysis corresponding to
the case fr< fp< far from Table 1, drawn for the frequency
regions fr< f< fp and fp< f< far, where the ferrite is MNG
material havingm0

⊥ � 0. The regularities described below,
in their basic features, are also preserved for the structures
of the other two types.
-p2



Table 1. Possible variants of the structure under study.

1) fp< fr
f < fp fp < f < fr fr < f < far f > far

DPS-ENG-DPS DPS-DPS-DPS MNG-DPS-MNG DPS-DPS-DPS
2) fr< fp< far

f < fr fr < f < fp fp < f < far f > far

DPS-ENG-DPS MNG-ENG-MNG MNG-DPS-MNG DPS-DPS-DPS
3) fp> far

f < fr fr < f < far far < f < fp f > fp

DPS-ENG-DPS MNG-ENG-MNG DPS-ENG-DPS DPS-DPS-DPS

S.A. Afanas’ev et al.: Eur. Phys. J. Appl. Phys. 95, 20501 (2021) 3
3 Conditions of perfect tunneling

Solving the equations of classical electrodynamics for a
given geometry of the problem, and then using the
boundary conditions, it is possible to obtain a transfer
matrix. The matrix of the considered symmetric trilayer
has the form G=N1N2N1. The transfer matrices of
individual layers are written as [36]:

Nj ¼
cos kjLj i

kj
k0mj

sin kjLj

i
k0mj

kj
sin kjLj cos kjLj

0
BB@

1
CCA; j ¼ 1; 2; ð5Þ

where the wave propagation constants kj of the waves in the
layers denoted by the subscripts j are defined as

kj ¼ k0j � ik00j ¼ ± k0
ffiffiffiffiffiffiffiffiffi
ejmj

p
: ð6Þ

Here ej and mj are permittivities and permeabilities of
the layers (which are generally complex), k0 ¼ v=c, v and
are the angular frequency and the speed of the light in
vacuum. The square root sign in (6) is chosen so that the
imaginary part k00j is positive, which corresponds to passive
(lossy) media.

The fact is that dielectric losses in ferrite are small, and
its magnetic losses are significant only in the vicinity of the
resonance frequency. By that reason, the conditions of
perfect tunneling for lossless structures only are studied
in this work. (In such a case the material parameters ej and
mj are real). The conditions of zero reflectance (R=0),
when the transmittance T=1, are obtained when the
asymmetric elements of the structure transfer matrix G
are equal to zero (i.e. G12=G21= 0). The general form of
G12

G21

� �
¼ i

1=z1

z1

 !
cosF2 cosF3 sinF1

þ
1=z3

z3

 !
cosF1 cosF2 sinF

2
666664
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the components is given by the expression [9]:

See equation (7) below.

where we denote zj= kj/k0mj, Fj= kjLj.
Taking into account that the wavenumbers are

imaginary for SNG media (i.e. kj ¼ �ik0
ffiffiffiffiffiffiffiffiffiffiffijejmjj

p
) and

they are real for DPS media (kj ¼ k0
ffiffiffiffiffiffiffiffiffiejmj

p ), the expres-
sions (6) for the trilayers under investigation can be written
as follows:

G12

G21

� �
¼ i

2Z2

�1
1=Z2

1

� �

�
2Z1Z2 cosh’2 sinh 2’1 þ

1

�1

 !
ðZ2

1 � Z2
2Þ sinh’2

�ðZ2
1 þ Z2

2Þ cosh 2’1 sinh ’2

2
664

3
775
ð8Þ

in the case of MNG-ENG-MNG trilayer and

G12

G21

� �
¼ i

2Z2

�1
1=Z2

1

� �

�
2Z1Z2 cos ’2 sinh 2’1 �

1

�1

 !
ðZ2

1 þ Z2
2Þ sin’2

þðZ2
1 � Z2

2Þ cosh 2’1 sin’2

2
664

3
775 ð9Þ

for MNG-DPS-MNG trilayer. Here Zj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffijmj=ejj

p
are the absolute values of impedances, ’j= k0njLj are the
þ
1=z2

z2

 !
cosF1 cosF3 sinF2

3 �
z2=ðz1z3Þ
z1z3=z2

 !
sinF1 sinF2 sinF3

3
777775; ð7Þ
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Fig. 4. The transmission spectra of trilayers having different
thicknesses L2 at H0= 25 Oe, j=0.03, 0.0425, 0.05, 0.1, 0.3
(curves 1–5).

Fig. 3. The solutions of equations (10, 11) at L2= 15 mm and
j=0.03, 0.0425, 0.05, 0.1, 0.3 (curves 1–5). The dashed line is the
dependence |m⊥(f)| at H0= 25 Oe.
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effective thicknesses of the layers, nj=(|ejmj|)
1/2 are

the absolute values of complex refractive indices. Thus,
the perfect tunneling conditions for MNG-ENG-MNG and
MNG-DPS-MNG trilayers take the form of the following
equations:

tanh ’2 ¼
2Z1Z2 sinh 2’1

1� Z2
1

1þ Z2
1

� �
Z2

1 � Z2
2

� �þ Z2
1 þ Z2

2

� �
cosh 2’1

;

ð10Þ

tan’2 ¼
2Z1Z2 sinh 2’1

Z2
1 � 1

Z2
1 þ 1

� �
Z2

1 þ Z2
2

� �� Z2
1 � Z2

2

� �
cosh 2’1

: ð11Þ

Equations (10) and (11) were solved numerically with
respect to the variable m1 � the permeability of ferrite
layers 1 and 3. Figure 3 shows the frequency dependences of
the solutions m1 of these equations, obtained for a fixed
thickness L2 of the central layer at various values of
dimensionless parameter j=L1/L2. It can be seen that for
the structure having fixed values of its geometric
parameters, the curves of the solutions of equations (10)
and (11) are continuous at frequency fp separating two
corresponding frequency regions. At not too large values of
the parameter j, one branch is observed (curves 1–3), which
has a clearly pronounced minimum. When j> 0.5, the
curves are divided into two branches, and in the interval
between them the solutions are absent (curves 4, 5).

On the plot of Figure 3, the dashed line is superposed
representing the absolute value of the effective magnetic
permeability of ferrite |m⊥|(f) for a fixed value of the
magnetizing field H0. The points of intersection of the
dashed and solid curves give the frequencies at which near-
perfect tunneling will be observed in the transmission
spectra of the trilayers. (Deviations from ideality for real
structures come out due to the losses). The number of
intersections is determined by the choice of the fieldH0 and
parameter j and does not exceed two (with a descending
and ascending branch of a curve m1(f)). For sufficiently
small values of j (j< 0.0425) there are no intersections at
all (curve 1).
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4 Transmission spectra of the trilayer

To obtain the transmission spectra of the structure under
study, we used the expression for the amplitude coefficient
of transmission t, expressed in terms of the elements of the
transfer matrix G as

t ¼ 2

G11 þG12 þG21 þG22
: ð12Þ

After that, the transmittance T= |t|2 was determined.
Calculations in this section were carried out taking into
account losses in all layers of the structure, that is, material
parameters e1,2 and m1 were considered as complex
quantities. Since the losses are small enough, the solutions
of the conditions (10, 11) obtained for lossless structures
give practically exact positions of the transmission peaks in
the calculated spectra.

Figure 4 shows the transmittance of the trilayer as
function of frequency for three values of the thickness L2 of
the middle layer at different values of the parameter j. The
calculations were performed for a fixed value of the external
magnetic field H0= 25 Oe. In the following, we analyze in
detail the case of L2= 15 mm, which corresponds to the
above Figure 3. At small enough values of j, there are no
intersections of dashed and solid curves in the plot of
Figure 3 and a broad transmission peak is observed in the
spectrum (curve 1). In this case, the value of T at the
maximum does not reach 1, even if the losses are neglected.
If there are two sufficiently close peaks in spectrum, the
frequency region represents a “plateau” with an almost
constant transmittance close to 1 (curves 2, 3). As the
distance between the peaks increases, the left peak shifts
noticeably to the resonance frequency and its height
decreases due to an increase in magnetic losses. As a result,
for relatively large values of j (curves 4–5), two well-
resolved peaks with a region of low transmission between
them are observed.

To increase the bandwidth and the maximum value of
transmittance in the “plateau” mode, the thickness L2
should be reduced. The position of the right peak in a
constant magnetic field H0 strongly depends on it. With
increasing L2, its gradual transition from the frequency
-p4



Fig. 5. The transmission spectra of the trilayer having
L2= 15mm, j=0.0425 for different values of magnetizing field.
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region fp< f< far to the region of fr< f< fp is observed,
which leads to a decrease in the bandwidth. It can also
be noted that with increasing L2, ever larger values of the
parameter j are required to get a “plateau” in the
transmission spectrum.

Since the structure includes ferrite layers, its transmis-
sion spectra can be effectively controllable by the
magnetizing field. In Figure 5 one can see how the
bandwidth is tuned when the value of H0 changes in the
most interesting situation, when there is a “plateau”
between two peaks of transmittance. In the range of fields
up to approximately H0= 150 Oe, the bandwidth and the
position of the “plateau” change only slightly. In stronger
magnetic fields, the frequency region fr< f< fp is noticeably
reduced, and the left peak participating in the formation of
the “plateau” approaches the right one, the position of
which is almost independent of H0. Thus, the bandwidth
becomes narrower. In sufficiently large fields, as the value
of fr tends to fp, the two peaks merge into one observed in
the region fp< f< far.
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5 Conclusion

The paper presents the results of numerical simulation of
the tunneling of a plane TEM wave through a symmetric
trilayer formed by two magnetically negative layers and a
metamaterial layer between them, which has a frequency
dispersion of the permittivity according to Drude’s law. It
is shown that this structure allows one to observe near-
perfect tunneling if the parameters of its layers arematched
to meet certain conditions. Equations expressing these
conditions are obtained and the results of their numerical
solution are analyzed. It was found that the transmission
spectra of the structure have two peaks with a transmit-
tance close to 1 in the region of negative effective
permeability of ferrite. In addition to the situation of
two isolated peaks, it is possible to obtain a wide bandwidth
between them with a high transmission coefficient. It was
found that the width of this bandwidth can be effectively
controlled by changing the magnetizing field.
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Science of the Russian Federation (Mega-grant program,
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the Russian Foundation for Basic Research (project #18-29-
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