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Abstract: A numerical optimization technique of a three-dimensional (3D) SERS substrate with
finite element analysis is proposed. Using the optical reciprocity theorem, we have shown that
instead of the well-known local field enhancement criterion, it is more correct to use the Purcell
factor as an objective function that determines the quality of the SERS substrate. This allows us to
take into account the detail inhomogeneity of local fields in an arbitrary three-dimensional structure
containing multiple emitters. We have theoretically shown that employment of a 3D CNT structure as
a nanoparticle substrate instead of a nanoparticle monolayer allows one to achieve the enhancement
of the SERS signal.

Keywords: SERS; SERS substrate; SERS enhancement; Purcell effect; carbon nanotube; plasmonic
nanoparticle

1. Introduction

Today, many approaches to the formation of SERS-active layers are known. The most
commonly used are: chemical methods for the formation of metal (plasmonic) nanoparticles
in colloidal solutions with the subsequent deposition of nanoparticles onto a solid substrate;
physical methods of deposition of thin films transforming by heating into an ensemble of
self-organized nanoparticles; as well as the use of lithographic methods for the formation of
nanoobjects of various shapes. Complex nanostructured surfaces, various arrays of micro-
or nanopillars, nanorods, and nanotubes have already been used as substrates for SERS-
active layers [1-3]. The main goal is the formation of so-called “hot spots”—regions with a
high local density of states [4-14], leading to the magnification of Raman scattering [15].

To optimize the production of the SERS substrates, the geometric parameters can be
improved by using numerical methods [16]. The SERS occurs only when the scattering
molecule is located closer than ten nanometers to the nanoantenna, which complicates
theoretical description. At such distances, the interaction can be originated by several
mechanisms: electromagnetic enhancement [17] as well as changes in the electronic shells
of the SERS molecule and the underlying medium [18]. Strictly speaking, a rigorous
theoretical description of the SERS effect must be a quantum one. This research direction is
observed in refs. [18-20].

Due to the extremely high practical significance of the effect, the efforts of experimental
groups [21-23] are more often aimed at applied aspects [24], but not at studying the
fundamental features of the effect. These works seldom differentiate various mechanisms
of the analyzed molecule emission rate increase, located in an inhomogeneous environment.

The vast majority of papers aimed at numerical optimization of SERS substrates focus
on maximizing the local field [16,25-29]. Such an approach considers the field at the location
of the detected molecule and only indirectly reveals the SERS enhancement of complex
structures. It takes into account only the local field acting on the molecule, which provides
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information about the radiation scattered in the close vicinity of the analyzed molecule but
says nothing about the actually detected radiation in the far zone. Searching for the “hot
spots” and assessing the local fields at these points can only provide relevant information
about the SERS signal in simple cases when all emitters are to some extent under similar
conditions and the field intensity at the different “hot spots” is therefore the same or can be
averaged [16,24]. This is the case only for two-dimensional SERS substrates [16].

Attempts to create multilayer three-dimensional SERS substrates [1,26], proposed
to improve the integral signal by increasing the number of “hot spots”, are generating
considerable interest. One of the methods for producing the 3D SERS structures is to coat the
available 3D matrices (semiconductor nanowires, porous structures of Si, TiO,, Al,O3) with
plasmonic metal nanoparticles, where the matrix defines the disposition of nanoparticles in
such a way that the number of “hot spots” is enlarged [15,30-32]. The result [30,33] shows,
however, that the increase in the SERS layers’ number leads to saturation of the signal due
to absorption of the electromagnetic wave by plasmonic structures. The last point shows
that the numerical optimization of the SERS substrates, which are more complex than 2D
ones [1,33], requires rather sophisticated methods.

The aim of this work is to propose a method for calculating the optical signal for
three-dimensional SERS substrates and to study the possibility of scaling the SERS signal
using three-dimensional substrates. The paper is organized as follows: Section 2 examines
the applicability of the Purcell factor as an optimization criterion instead of a generally
accepted local field criterion, and describes the computational details using the finite-
element method; Section 3 describes the 3D substrate model used for numerical calculations
and calculates the optical signal from the 3D structure; Section 4 discusses the results and a
potential future experiment.

2. Principles of Numerical Modeling of SERS Enhancement
2.1. Theoretical Background, Local Field and Purcell Factor

The common place in the numerical estimation of SERS enhancement is to use the

relation:

|Eloc|4
— Do, (1)
|Eo|*

Here, Ej,. is the local field at the location of the molecule, and E) is the incident field.
Often Equation (1) is used in more advanced form:

_ |Eloc(w0)|2 |Eloc(wR)‘2
|Eo(wo) > [Eo(wr)[?

(2)

where the excitation of the SERS molecule and emission occurring at different frequencies
(close enough from a practical point of view) are taken into account.

Numerical modeling could allow one to go beyond the primitive relation (1) and
calculate the SERS signal from a complex structure. The simplest idea from a fundamental
point of view is to directly follow the mainstream logic [29] of the SERS model as a
two-step process (local field enhancement + radiation enhancement). In this case, it is
necessary to simulate the interaction of an external wave with a plasmonic structure,
and then consider the radiation of a scattering molecule exposed to a local field near the
nanoantenna [29]. When performing numerical calculations using finite element software
(COMSOL Multiphusics), it will be necessary to use two sequential calculation steps that
are extremely sensitive to the spatial mesh resolution near the point emitter. The results
of the first calculation step are the input data for the second one, which will lead to the
accumulation of a numerical error or to a significant increase in required computational
resources. However, based on known theoretical results [29,34], a significant part of the
calculations can be avoided.
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Stockman [29] shows that the enhancement factor can be defined as:
2
R R
g8~ Y 1Y gpalro,w®)gpa—z(ro,w)| , 3)
a=xX,Y,z2| p=x,y,z

where, rq is the scatterer coordinate, w is the frequency of incident radiation, and wR is the
frequency of the scattered (Raman) signal. For the estimation, it is usually assumed that
w ~ wk, and g, (r, w) is determined by the expression:

gocﬁ(r/w) = / Glxﬁ(r/ r/,CU) d37’/ (4)
1%
And:
Gup(r,7,w) = o 8(7 ', w) (5)
lXﬁ 7t - arlxarﬁ 7t

where, 8 (r, r, w) is the dyadic Green’s function, determined by the geometry of the nanoan-
tenna. Equation (4) represents the components of the dyadic Green’s function integrated
over the volume of the nanoantenna and thus determines the field enhancement by the
nanoantenna at the location of the scattering molecule. In this case, the second factor
in Equation (3), gga=: (70, w), at the frequency of the external field w (following [29]) is
responsible for the formation of a local field at the location of the molecule when an external
wave falls on a nanoparticle, and the first factor in (3), g« (70, wR), at the frequency of the
scattered (Raman) signal wX is responsible for the “antenna effect”. In Equation (3), one
can see that the Green’s functions responsible for “local field enhancement” and “antenna
effect” are symmetrically included in (3), i.e., they are phenomena of the same nature.

The symmetry of “local field enhancement” and “antenna effect”, despite the apparent
difference in their nature (the first occurs due to the interaction of a plane incident wave
with a nanoantenna, while the second arises due to the interaction of a spherical wave
scattered by a SERS molecule with a nanoantenna), in fact directly follows from the optical
reciprocity theorem [35]. In the paper [34], it was theoretically shown using the optical
reciprocity theorem that the Purcell effect and SERS enhancement have the same physical
nature, determined by the Green’s function of the emitter near the spatial inhomogeneity
that allows us to apply the radiative part of the Purcell factor as the optimization criterion.

Although the optical reciprocity theorem is written, strictly speaking, for two dipoles,
the dipole “modeling” the incident wave (Figure 1) could be placed at a sufficiently large
distance from the SERS system, and the wave front of that dipole can be considered as a
plane one, thus eliminating the apparent contradiction.

field antenna
enhancement effect

Figure 1. (a) Field enhancement and (b) antenna effect. Here, d; is the SERS molecule near the
nanoparticle, and d; is the dipole “modeling” the incident wave.
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2.2. Principles of Calculation of the Purcell Factor and SERS Enhancement for an Emitter Close to
Spherical Nanoantenna

The main goal of this work is to provide a practically convenient scheme to calculate
SERS enhancement for a 3D SERS substrate with an arbitrary spatial configuration using
numerical methods (FEM, FDTD). The energy loss rate of a dipole emitter near a plasmonic
nanoparticle (Figure 1) can be calculated [12,19] by integrating the Poynting vector over
the closed surface surrounding the emitter:

d
d—vt\/:jgv[s-n]dA, ©)

To find the total energy loss, one should choose an integration surface 0V = 9Vspurce
that contains the emitter itself but does not include a plasmonic particle (energy sink), while
when calculating the emitted energy, the integration surface 0V = dVyysten should include
both a source and a plasmonic particle. Then, the Purcell factor for the considered (very
general) configuration (Figure 1) can be calculated as:

J— faVSOMrCE [S ) n] dA

I= , )
Aé‘a‘/sﬂl[?fé’ [SO ' n] dA
and the radiative part of the Purcell factor can be evaluated as:
4. [S-n]dA
1—. avsystt’m (8)

rad — favsmme [SO . n} dA

In Equations (7) and (8), Sy is the Poynting vector of a dipole in vacuum. Since
the denominator in Equations (7) and (8) plays the role of a normalization factor and
does not depend on the geometric and material parameters of the modeled structure, the
numerator in Equations (7) and (8) that represents the total far-field power (taking into
account all energy sources and sinks) emitted by the considered structure is actually an
objective function.

Equations (7) and (8) can also be used in the case of multiple emitters. In this case,
to calculate the full Purcell factor (7), the integration surface dVso,re must be multiply
connected and surround each source separately, whereas to calculate the radiation part (8),
the integration surface dVsystery must surround all radiation sources and all energy sinks.

3. Calculation of the Purcell Factor and SERS Enhancement for an Emitter near a
Nanoantenna in the Form of a Chain of Spheres

In this work, we optimize a 3D SERS substrate represented by a carbon nanotubes
forest with plasmonic (silver) nanoparticles being deposited on it. The simulated configu-
ration is similar to that described in [30] and is schematically presented in Figure 2b. The
basic element of the [30] structure is the chain of plasmonic nanoparticles arranged along
the carbon nanotube. To simplify the calculation model and reduce the computational time
without a significant loss of generality, we assume that the structure is periodic in the (xy)
plane. Figure 2a shows the simplified geometric model of the structure simulated using the
finite element method.

Since the used computational model is periodic in the (xy) plane, Figure 2a shows the
unit cell of the simulated structure. The boundary conditions (BCs) on the side surfaces are
chosen to be periodic; on the upper and lower surfaces of the elementary cell, the boundary
conditions are non-reflective (Perfectly Matched Layers—PML), i.e., an infinite layer in the
(xy) plane containing carbon nanotubes (CNTs) and silver nanoparticles is modeled, while
the number of layers of nanoparticles and the distance between the latter in the (xy) plane
are the subject of optimization.
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Figure 2. 3D SERS substrate. (a) Numerical model; (b) sketch of experimental sample design.

Abbreviations are defined in the main text. Diameter of silver nanoparticle is equal to 40 nm, and
diameter of the modelled CNT is equal to 5 nm.

The carbon nanotube is modeled with the approach outlined in [36-38] as a conductive
surface with graphene conductivity [36]. The validity and limits of this approach were

discussed in [39,40]. To simulate the plasmonic properties of the CNTs with a large diameter,
the conductivity calculated for graphene can be used [39,41,42]:

(7((0) —_ U.inter(w) 4 o.intm(w),
int _ _ 2ie’kgT
oin rﬂ(w) = ﬁ;‘r‘_—l)ln 2 cosh ﬂ%)},

, . 2
ointer () = A%Z [g +arctan<ﬁw—2y> _%ln( (hw+2p) ]

©)

2kpT Hw—2u)+(2kpT)*

Here, ¢ is the electron charge, % is the reduced Plank constant, kg is the Boltzmann
constant, T is the temperature, y is the graphene chemical potential, and 7 is the momentum
relaxation time. The following parameters have been used for numerical calculations:
T=300K, u=02eVu2rh/T =0.1meV [43]. The used value of the chemical potential
corresponds to the concentration of surface carriers 4 x 10'2 cm2 [44], which means that
the doping level is one additional charge carrier per thousand carbon atoms [45].
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Radiated power

In the considered numerical model, one or several dipole emitters are located near
each plasmonic nanoparticle (Figure 3) simulating SERS analyte molecules. The normalized
power (8) emitted by a structure of ordered layers of spherical nanoparticles was calculated
for different numbers of layers and spatial distributions of emitters. The radiation from
the dipoles was averaged over three spatial orientations. As the calculation showed, the
structural factor (i.e., specific spatial distribution of emitters), due to the smallness of the
characteristic distances between emitters compared to the wavelength, had a minor effect
on the integral characteristics of the radiation, which leads to similar qualitative patterns of
radiation of the emitters system in the case of different numbers (Figure 3a—c). Therefore,
one emitter near each nanoparticle structure without a loss of generality was adopted as a
working model (Figure 3a).
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Figure 3. Influence of structural factor on radiated power. The insets show the number and location
of emitters (small red spheres on the insets) near the plasmonic nanosphere (metallic sphere on the
insets): (a) one emitter, (b) two emitters, (c) six emitters. The colored lines correspond to the number
of layers of nanoparticles: red line—1 layer, green line—4 layers, blue line—7 layers. The carbon
nanotube is not shown. Dipole moment is equal to 9D, which corresponds to rhodamine R6G.

Initially, for the simplicity of the model, the phase of all emitters was assumed to be
the same, i.e., the emitters were coherent. The calculation in this case showed (Figure 4a)
that there was a periodic dependence of the emitted power on the number of layers of
the structure. The first maximum occurred when the structure thickness was 4-6 layers,
depending on the gap between nanoparticles in the (xy) plane. The observed periodicity
indicates the interference nature of the radiation occurring within the structure, and it is
associated with the actual coherence of the emitters. In order to simulate real incoherent
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emitters, each emitter was further given a random phase, and then the averaging over the
ensemble was performed. In the case of incoherent emitters, a clearly visible saturation
can be seen in Figure 4b, while some periodicity of small amplitude is still present. It
should be noted that up to a structure thickness of 5-7 layers, the dependences for coherent
and incoherent emitters (Figure 4a,b) are close to each other. This happens because the
emitter closest to the surface mainly contributes to the radiation registered in the far zone,
while the “background” from the remaining (coherent or incoherent) emitters is not too
significant due to the rapid attenuation of electromagnetic radiation by absorbing plasmonic
nanoparticles. This absorption leads to a clearly visible saturation for both coherent and
non-coherent emitters (green lines in Figure 4a,b) when the structure period coincides
with the nanoparticle diameter (i.e., nanoparticles are in contact). In ref. [33], for a densely
packed structure of gold octahedra, a similar saturation of radiation is noted; as the number
of layers of the structure increases to more than 4-5, the emitted power registered in the far
zone ceases to increase.

10° b 10° b
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—— 0.4 nm - --0nm, 3 nm
——0.8 nm — — 0nm, 1 layer
2nm —— 0.4 nm
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Figure 4. Total radiated power (related to the cross-section of the unit cell, W/ m?) for different
numbers of SERS substrate layers; (a) radiated power depending on the period of the structure for
different numbers of layers in the case of coherent emitters; (b) radiated power depending on the
period of the structure for different numbers of layers in the case of incoherent (random) emitters;
(c) radiated power depending on the gap between nanoparticles within a layer (see Figure 2a). Green
lines in panels (a,b) correspond to the case where plasmonic nanoparticles are in contact in the
(xy) plane. The interparticle distance in the z-direction is everywhere equal to one diameter of the
nanoparticle, except for the blue dashed line in panel (b), where the interparticle distance is equal to
3 nm.
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The calculated power emitted by the multilayer SERS structure with gaps between
nanoparticles measuring close to several nanometers can significantly exceed the power
emitted by the SERS structure in the form of a monolayer of nanoparticles. Increasing the
number of layers with a distance between plasmonic nanoparticles of more than several
nanometers leads only to a partial absorption of emitted radiation. It leads to the appearance
of a periodic interference pattern in the case of coherent emitters (red lines in Figure 4a) or
to a monotonic increase of the radiated power for incoherent ones.

The calculated dependence of the emitted power by the gap between nanoparticles
(Figure 4c) has a clearly expressed maximum for multilayer structures at a gap equal to
2 nm; with larger gaps, the emitted power decreases by an order of magnitude, remaining
proportional to the number of layers. Thus, the spatial structure of nanoparticles deposited
on a 3D CNT substrate has the property of scalability relative to the thickness of the structure.
The lateral gaps between nanoparticles in a multilayer structure serve as effective channels
that guide radiation from the underlying layers.

For the same reason, emitters located in a gap make a significantly larger contribution
to the integral radiation compared to those located above and below a nanoparticle. Thus,
in the configurations presented in Figure 3a,b, the emitted power is almost the same, while
the number of emitters in these configurations differs twice; at the same time, adding
a small number of emitters into the lateral gap between the nanoparticles increases the
emitted power by three orders of magnitude.

Thus, in a sparse spatial structure of plasmonic nanoparticles, despite inevitable
intrinsic self-absorption in this structure, it is possible to obtain a SERS signal (involving
a higher number of nanoparticles) that exceeds that obtained from a densely packed
monolayer of nanoparticles (black dotted line in Figure 4b) and makes such structures
promising SERS substrates.

4. Discussion: CNT Arrays as a 3D Substrate for Plasmonic Nanoparticles

The aim of this work is to study the possibility of scaling the SERS signal using three-
dimensional SERS substrates. A numerical calculation was performed for the configuration
shown in Figure 2. This configuration was used, for example, in the work [30]. The
calculation shows that, at least for the parameters used, the SERS substrate represented by
the CNT array does not have a significant influence on the calculated integral optic signal
in the far zone. A similar result (low influence of the CNT substrate) is experimentally
obtained in work [32] for silver nanoparticles deposited on a substrate formed by the
«grating» of carbon nanotubes. Thus, a 3D CNT substrate in quite an arbitrary configuration
is promising for creating sparse plasmonic 3D structures. The use of the Purcell factor
allows for the optimization of 3D structures from plasmonic nanoparticles with quite an
arbitrary geometry, similar, for example, to those obtained in refs. [15,32], which cannot be
done using a commonly used local field criterion [16,25-29].

Numerical calculations demonstrated that in the case of a sparse arrangement of
plasmonic nanoparticles, it was possible to avoid the saturation of the SERS signal that
was noted for the dense 3D arrays of plasmonic nanoparticles considered in refs. [32,33].
It is shown that a three-dimensional SERS substrate allows one to achieve a significant
improvement in the signal compared to a two-dimensional one.

The performed numerical calculation allows us to determine the general concept and
direction of further experimental research. Based on the obtained numerical results, it is
possible to propose as a 3D SERS substrate a simple structure in the form of a CNT forest
decorated with plasmonic nanoparticles [30,46—48] and to focus on optimizing its geometric
parameters. Experimental and theoretical works in this direction, as well as a comparison
of numerical results with experimental ones, are planned for future work.

5. Conclusions

This paper theoretically shows that for SERS structures, the Purcell factor, which takes
into account the impact of the microscopic structure on the optical response of the system,
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is a more suitable optimization criterion than the widely used local field enhancement. The
numerical technique of 3D SERS substrate optimization using the finite element method
is proposed. It is shown that the method is capable of representing the direct calculation
of the optical response of the optimized system in the far zone. Numerical simulations
of the model demonstrate that in a sparse spatial structure of plasmonic nanoparticles,
it is possible to obtain a SERS signal exceeding the one emitted by a densely packed
monolayer of nanoparticles. It is also shown that the signal of a SERS substrate based on a
three-dimensional CNT structure can be scalable by increasing the number of layers.
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