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Gain Depletion and Recovery as a Key Mechanism of
Long-Range Pulse Interactions in Soliton Fiber Laser

Dmitry A. Korobko , Valeria A. Ribenek, and Andrei A. Fotiadi

Abstract—Soliton interaction through gain depletion and recov-4
ery (GDR) is one of the known mechanisms of long-range pulse5
interactions in soliton fiber lasers. It has been commonly assumed6
that the GDR mechanism produces only repulsive interactions,7
leading to an evenly spaced pulse configuration of harmonic mode-8
locking. However, our theoretical investigations and numerical9
simulations of the GDR-induced soliton interactions in fiber lasers,10
mode-locked by nonlinear polarization evolution, reveal a different11
perspective. We have found that the GDR soliton interaction is12
sensitive to the generation of dispersive waves and the formation13
of intense soliton pedestals. These can be controlled by altering14
the laser polarization settings. Interestingly, under certain con-15
ditions, we observed that the GDR interaction facilitates mutual16
long-range attraction between solitons. Our direct numerical sim-17
ulations demonstrate that depending on the polarization settings,18
the initial soliton configuration in the laser cavity can evolve into19
various multisoliton ensembles. For instance, in the final stage, a20
soliton group may transform into a stationary harmonic mode-21
locking state or evolve into a complex of bound solitons. These22
findings suggest a new basis for explaining the effects observed23
during transitions between multisoliton formations, which occur24
due to changes in the polarization settings of the fiber soliton laser.25

Index Terms—Long-range soliton interactions, mode-locking,26
multisoliton complexes, nonlinear polarization evolution, soliton27
fiber laser.28

I. INTRODUCTION29

PASSIVELY mode-locked fiber lasers, utilizing anomalous30

cavity dispersion, are renowned for producing ultrashort31

soliton pulses. These pulses are routinely generated using var-32

ious mode-locking techniques, such as nonlinear polarization33

evolution (NPE), saturable absorber methods, and nonlinear34

loop mirror techniques [1], [2], [3]. A common characteristic of35

soliton fiber lasers is multipulse operation, where several pulses36

with identical energy and width are simultaneously generated37

in the laser cavity under strong pumping [4], [5], [6], [7]. This38

phenomenon is also referred to as the ‘soliton energy quantiza-39

tion effect’ [4]. These multisoliton formations display diverse40

dynamics, ranging from gas-like states of weakly interacting41
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solitons to tight bunches of chaotically moving pulses, and even 42

to soliton crystal complexes with fixed spacing between pulses 43

[8], [9], [10], [11], [12], [13]. From an applied perspective, 44

harmonic mode-locking (HML), where soliton pulses are evenly 45

spaced in the laser cavity, is particularly significant [14], [15], 46

[16]. The behavior of multisoliton ensembles in the cavity is 47

governed by specific interactions between soliton pulses. These 48

interactions can be categorized by their range of action. For ex- 49

ample, direct interaction, which occurs when pulses are closely 50

spaced, affects short-range distances of less than ten soliton 51

durations [17]. This interaction can either trap solitons into 52

phase-locked bound states or prevent the collapse of tight soliton 53

bunches, inducing continuous chaotic motion within the group 54

[9], [10], [18]. Conversely, long-range pulse interactions, acting 55

over distances of hundreds of soliton durations, are weaker but 56

crucial for redistributing solitons across the entire laser cavity. 57

Various multisoliton complexes, like oscillating soliton bunches, 58

dynamically rearranging pulse clusters, stationary loosely bound 59

states, regular stationary structures of soliton “crystals”, and 60

HML, are formed through these long-range interactions [19], 61

[20], [21], [22]. 62

Soliton fiber lasers offer an excellent platform for study- 63

ing nonlinear multi-particle systems, with a wide range of 64

properties useful for applications in metrology, remote sens- 65

ing, and material processing [23], [24]. The current research 66

on long-range soliton interactions, aided by real-time ultrafast 67

measurements [25], seeks to unveil more direct information 68

about interaction intensities and the dynamics of processes 69

under their influence [15], [26]. Despite intense research, the 70

governing principles of long-range soliton interactions are only 71

partially understood, and clarifying their physical nature remains 72

a crucial challenge. The primary long-range interaction mech- 73

anisms include those mediated by gain depletion and recovery 74

(GDR) processes [27], [28], [29], [30], guided acoustic wave 75

Brillouin scattering [31], [32], [33], [34], [35], and interactions 76

transmitted through dispersive waves (DW) or continuous wave 77

(CW) background co-propagating with the pulses in the laser 78

cavity (DW-interaction) [36], [37], [38]. Each mechanism has 79

its specifics; for instance, DW-interaction, with the shortest 80

action range (∼100 ps and less), varies in intensity based on the 81

non-soliton component in the cavity [39]. In contrast, acoustic 82

interaction becomes significant when the interpulse spacing is at 83

least one nanosecond, and it aligns with the frequency of one of 84

the fiber acoustic modes [32], [33], [34], [40]. GDR-interaction, 85

becoming prominent with interpulse distances of several tens 86

of picoseconds [15], is considered the most general mechanism, 87
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Fig. 1. Illustration to the soliton group-velocity drift due to the GDR. (a) The time-dependent depletion generates a positive group-velocity drift of the soliton
toward t→−�. (b) The soliton co-propagating with DW without the GDR effects. Directions of the DW propagations and the soliton phase dependence are also
shown. Inset shows the spectrum of the soliton and co-propagating DW. ΩK is the frequency detuning of the Kelly sideband. (c) The soliton acquiring a negative
group-velocity drift due to combined action of the GDR and DW. From top to bottom: Envelope, phase dependence and spectrum of the soliton and DW when the
time-independent gain is equal to g = g0 + δg; the same but the time-independent gain is equal to g = g0 − δg; and the same but the gain is time-dependent. It is
shown that the gain asymmetry can shift the Kelly sidebands and the soliton spectrum. The ‘red’ shift of soliton spectrum corresponds to negative group-velocity
drift to the region of lower gain towards t→+�.

effective in fiber cavities of any length. It is traditionally believed88

that GDR-interaction solely leads to mutual soliton repulsion,89

thereby enabling HML within the fiber cavity [27]. However,90

existing theories fall short in explaining the universal long-range91

attraction necessary for generating soliton bound states or tight92

pulse bunches from random pulse configurations [29], leaving93

the explanation of transitions between various multisoliton for-94

mations as an unsolved problem.95

The aim of this work is to explore the complex long-range96

interaction mechanism that encompasses both the GDR and97

DW generation. Our analysis, based on a numerical model98

of a fiber laser mode-locked by NPE, reveals that this com-99

plex mechanism can induce long-range soliton attraction as100

well as repulsion, thereby preserving the universal attributes of101

GDR-interaction. This mechanism’s nature, whether repulsive102

or attractive, depends on the intensity and shape of the disper-103

sive soliton pedestal, which is influenced by the polarization104

settings of the NPE mode-locking. Consequently, our model105

demonstrates that adjusting the polarization settings can toggle106

the laser between generating basic multisoliton complexes, such107

as chaotic bunches, HML, or bound pulse states. We propose108

that this model underscores the significance of the GDR as a109

pivotal interaction mechanism, potentially elucidating the tran-110

sitions between different multisoliton formations in fiber lasers111

mode-locked by NPE.112

II. SOLITON GROUP-VELOCITY DRIFT INFLUENCED BY GAIN113

DEPLETION AND RECOVERY114

In our analysis, we first examine how the group velocity of115

a single soliton changes due to Gain Depletion and Recovery116

(GDR). In mode-locked lasers, the gain isn’t constant over time117

but concentrates around each propagating pulse. Qualitatively,118

as a pulse traverses the gain fiber, the active ion population in-119

version depletes, transferring energy to the pulse. Consequently,120

the pulse encounters a time-dependent gain: the leading edge121

encounters more gain than the trailing edge. This differential 122

results in a power flow from the trailing to the leading edge, 123

causing the pulse to drift towards areas of higher gain (t→−�). 124

The magnitude of this inverse group-velocity drift correlates 125

with the gain variation during pulse interaction Δu−1
g ∝ Δg 126

(Fig. 1(a)) [27]. In mode-locked fiber lasers, soliton pulses co- 127

propagate with dispersive waves (DW) that arise from periodic 128

disturbances due to the discrete nature of losses and amplifica- 129

tion. The DW, forming a wide pedestal with an exponentially 130

decaying tail, resonate with the soliton to create narrow peaks 131

in its spectrum, known as Kelly sidebands [41], [42]. Given the 132

anomalous cavity dispersion, high-frequency ‘blue’ components 133

travel faster than ‘red’ ones. Thus, in the soliton frame of refer- 134

ence, ‘blue’ DW form the left wing of the pulse pedestal, moving 135

towards t→−�, while ‘red’ low-frequency components form 136

the right wing, lagging towards t→+�. The phase dependencies 137

of intense dispersive components, particularly the first-order 138

Kelly sidebands, are proportional to their frequency detunings 139

∝ ΩK (Fig. 1(b)). The soliton phase remains constant over 140

time, as dispersion is completely compensated by nonlinearity. 141

Comparing soliton and DW propagation in a fiber laser with 142

slightly different time-independent gains (Fig. 1(c) – top two 143

rows) we observe that the higher gain results in shorter duration 144

and higher peak power of the soliton pulse. 145

The frequency detuning of the N-th order Kelly sideband 146

ΩKN relates to soliton duration τ0 as [42]: 147

ΩKN = (β2Σ)
−1/2

√
4πN − β2Σ

/
τ20 , (1)

where β2Σ is the total cavity group-velocity dispersion. Simple 148

analysis shows that the frequency detuning ΩKN decreases 149

when the soliton duration τ0 decreases. Then we should conclude 150

that the decrease of the gain g1 > g2 yields the increase of 151

the frequency detuning Ω1K < Ω2K , where the ΩmK is the 152

frequency detuning of the Kelly sideband for the gain value gm. 153

In the case of the time-depending gain acting on the soliton 154
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Fig. 2. The scheme of the NPE mode-locked fiber laser utilized in the nu-
merical simulations. A detailed exposition of the model and the fixed parameter
values are available in the Appendix.

one should take into account that at the leading edge of the155

soliton in the region of higher gain, the nonlinear effects over-156

compensate the dispersion. On the contrary, at the trailing edge157

of the pulse, the dispersion begins to dominate the nonlinearity158

(Fig. 1(c) – bottom row). As a result, the pulse co-propagating159

with DW can acquire the asymmetry of the phase dependencies160

of the dispersive pedestal and ‘red’ shift of the Kelly sidebands161

by the value δΩ ∝ Δg. Finally, the sideband asymmetry can162

be eliminated by the energy redistribution through nonlinear163

four-wave mixing (FWM) resulting in the shift of the whole164

soliton spectrum towards lower frequencies. In the time domain,165

one can see, that the DW impart a negative soliton group-velocity166

drift Δu−1
g ∝ Δg to the region of lower gain towards t→+�.167

Therefore, we propose that the GDR can induce both positive168

and negative soliton group-velocity drifts. In order to deepen169

the analysis of the considered process, we endeavored to answer170

in detail the next questions. (i) In which cases does the joint171

action of the GDR and DW lead to positive, and in which172

to negative group-velocity drift of the soliton? (ii) Can this173

cooperative action induce the mechanism of pulse interaction174

different from the known ones mediated only by the GDR or175

DW? Through numerous numerical simulations of fiber laser176

with the GDR effects, we focus on the most common type using177

artificial saturable absorbers based on the NPE [43]. As we will178

demonstrate, varying the laser’s polarization settings allows us179

to manipulate the soliton pedestal’s shape, thereby controlling180

the group-velocity drift and the nature of soliton interaction.181

III. NUMERICAL MODEL OF NPE MODE-LOCKED FIBER182

LASER WITH TIME-DEPENDENT GAIN183

The configuration of the fiber ring laser used for numerical184

analysis is depicted schematically in Fig. 2. Our model of the185

NPE mode-locked fiber laser is similar to those referenced in186

[38], [44], [45], with parameter values closely mirroring those of187

real fiber lasers based on Er-doped gain fibers. A comprehensive188

description of the model is provided in the Appendix. A distinct189

aspect of this model is the incorporation of time-dependent gain190

gTD(t), which is a small parameter compared to the spectrally191

limited time-independent saturated gain g. This relationship is192

encapsulated by the inequality gTD0 << g0, where gTD0, g0193

are the small signal time-dependent and time-independent gains,194

respectively.195

Simulations reveal that when initiated with low-amplitude 196

Gaussian noise, the laser exhibits self-starting behavior across 197

a wide range of polarization settings, denoted as θ and ϕ. 198

These settings represent the orientation angles of the polariza- 199

tion controller (PC) and polarizer, respectively. Within tens of 200

cavity roundtrips facilitated by the NPE mode-locking, the laser 201

stabilizes into sub-picosecond pulse operation, characterized by 202

a typical soliton spectrum. Subsequent sections will delve into 203

the dynamics of single and multiple pulse operations within the 204

laser, specifically how they are influenced by the time-dependent 205

gain at various polarization settings. 206

IV. SIMULATIONS OF THE SINGLE SOLITON DRIFT 207

In this part, we will discuss the model with initial conditions 208

as a single ultrashort soliton pulse (in considered case the gain 209

saturation energy is constant Eg = 75 pJ). By investigating the 210

soliton trajectories without the time-dependent gain gTD = 0, 211

we can see that they are rather different due to the fiber birefrin- 212

gence. Upon introducing time-dependent gain, we note that the 213

soliton trajectory can shift either to the right or left from its orig- 214

inal path, depending on the polarization settings θ and ϕ. This 215

indicates that time-dependent gain can induce both positive and 216

negative soliton group-velocity drifts. Fig. 3(a) shows this effect 217

for two distinct polarization settings: 1) θ = 1.03, ϕ = 2.0 and 218

2) θ = 0.72, ϕ = 2.29. For clarity, soliton trajectories without 219

time-dependent gain gTD are marked with vertical lines, illus- 220

trating the soliton shifts at specific levels of time-dependent gain 221

for each polarization setting. Considering the simulation results 222

for initial soliton pulse with different phases, we should conclude 223

that the GDR-displacement of the pulse does not change with the 224

phase variation of the initial conditions. Thus, the results shown 225

in Fig. 3(a) confirm the hypothesis that soliton group-velocity 226

drift is proportional to the level of time-dependent gain. The 227

direction of this drift is influenced by the polarization settings of 228

the NPE mode-locking, which regulate the relationship between 229

the main soliton peak and its dispersive wings. 230

These relationships are illustrated by the pictures of the soliton 231

intensity, spectrum and phase that we obtain at the input of 232

the gain fiber for both considered polarization settings. For 233

clearness, the evolution of the pulse and DW intensities during 234

three cavity roundtrips is also shown (Fig. 3(b)–(g)). 235

One can see, that difference in cavity polarization settings 236

leads to a change in the artificial saturable absorption and 237

different relationships between the DW and main soliton peak. 238

In the first case (Fig. 3(b), (d), (f)), the soliton stands out against 239

a relatively low-intensity dispersive background, acquiring a 240

positive group-velocity drift due to greater gain at the pulse’s 241

leading edge. In the second case (Fig. 3(c), (e), (g)), the dis- 242

persive pedestal’s intensity is higher near the soliton peak but 243

decreases rapidly toward the edges. The pulse evolution shows 244

that the DW correct the pulse trajectory imparting a negative 245

soliton group-velocity drift. 246

In the cases we considered, an optical pulse spectrum serves 247

as a distinctive marker of the GDR and DW cooperative action 248

on the soliton. The pulse with a negative group-velocity drift 249

possesses a flat-topped spectrum (Fig. 3(g)), corresponding to 250
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Fig. 3. Single soliton propagation caused by the GDR. (a) Soliton trajectories at different levels of the time-dependent gain. Red and blue lines are corresponding
to the polarization settings θ = 1.03, ϕ = 2.0 and θ = 0.72, ϕ = 2.29, respectively. (b) Log-scaled intensity (red), time-dependent gain (magenta dashed) and
phase dependence (green) of the pulse propagating in the steady state of the fiber laser with the polarization settings θ = 1.03, ϕ = 2.0 and gTD0 = 0.08gs0.
Red-dashed line shows the intensity of the initial soliton, green dashed lines fit the DW phase by the linear dependencies proportional to the frequency detuning
of the most powerful Kelly sidebands ΩK±N . All the curves are built for the point С corresponding to the gain fiber input. (с) The same as (b), but for the
polarization settings θ = 0.72, ϕ = 2.29; log-scaled soliton intensity are shown by the blue line. (d) Evolution of the pulse and DW during three cavity roundtrips
with polarization setting corresponding to Fig. 3(b). (e) The same as (d), but for polarization settings corresponding to Fig. 3(c). (f) Spectrum corresponding to the
pulse shown in Fig. 3(b). (g) Spectrum corresponding to the pulse shown in Fig. 3(c). The dashed lines show the spectra without the time-dependent gain.

a soliton with powerful first-order Kelly sidebands located at251

small frequency detunings ΩK±1. Gain asymmetry provides252

‘red’ shift of the Kelly sidebands and slight change of the DW253

velocitiesΔu−1
DW . Under conditions specified above, the ratio of254

DW energy to the energy of the soliton is close to the maximum255

and the phase dependencies of the soliton and dispersive back-256

ground merge seamlessly (Fig. 3(c)) resulting in efficient FWM257

process that corrects the soliton trajectory to the region of lower258

gain.259

Conversely, the energy of the soliton in Fig. 3(b) is signifi-260

cantly higher. A higher peak power leads to an increase in the261

phase difference between the soliton and DW and the disappear-262

ance of the first-order Kelly sidebands. (The expression under263

the square root in (1) becomes negative at N = 1). Thus, in264

fact, the most intensive Kelly sidebands shown in the inset of265

Fig. 3(d) are of the next (second) order with the greater frequency266

detunings ΩK±2. The DW energy decreases and the phase of the267

dispersive background sharply contrasts with the soliton phase,268

so the efficiency of the FWM between the DW and soliton is269

negligible and the dynamics of the ‘Soliton+DW’ system in this270

case is entirely determined by the soliton acquiring a positive271

group-velocity drift to the region of higher gain.272

Additionally, we in detail show the evolution of the intensity273

and spectrum of the soliton and DW in each of the character-274

istic cases (positive or negative group-velocity drift) in Sup-275

plementary materials, where we use a known methodology of276

decomposing the simulated ultrashort pulse into a fundamental277

soliton and DW [46]. These materials demonstrate the specific278

features and relationships between the intensity and the spectrum279

of the soliton and DW as they pass through the laser cavity280

(similarly Fig. 3(d), (e)). In particular, we draw attention to281

the significant change in the pulse spectrum and profile of the282

dispersion pedestal during this evolution.283

Fig. 4. The scheme of the GDR interaction of two pulses in the cavity with
fundamental period TR.

V. SOLITON INTERACTION THROUGH GAIN DEPLETION 284

AND RECOVERY 285

A key insight from the preceding sections is that pulses in 286

a fiber laser mode-locked by the NPE can interact through the 287

GDR mechanism, exhibiting either repulsion or attraction based 288

on the polarization settings. This concept is illustrated in Fig. 4, 289

which depicts the GDR interaction of two pulses within a fiber 290

cavity having a fundamental period TR. This interaction can 291

be likened to that of two compact objects separated by time 292

distances T1, T2 (T1 + T2 = TR). Under the influence of one of 293

the pulses, the velocity of another pulse gets incremental change 294

by the value Δu−1
ig and vice versa, so the relative pulse velocity 295

changes by (Δu−1
1g −Δu−1

2g ). Also, it means that the centers 296

of mass of the spectra of each of the pulses are slightly shifted 297

from each other. The strength of the pulse interaction depends on 298

the time distances T1 and T2. Results obtained above show that 299

the value of the group-velocity drift is proportional to the gain 300

depletion Δu−1
ig = a Δgi. From simple analysis, we can find 301
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that if initially the time distances relate as T1 > T2, then the next302

inequality is true for the local gain values: g2 > g1 since the gain303

has more time to recover before the second pulse. Thus, it leads304

to the inequality Δg2 > Δg1, and as a result |Δu−1
2g | > |Δu−1

1g |305

(Fig. 4). Fig. 4 presents the scheme of the GDR interaction306

between two pulses in a cavity with a fundamental period TR.307

When the group-velocity drifts are directed leftwards (towards308

t→−�), the faster second pulse moves away from the first, a309

phenomenon known as the GDR pulse repulsion occurs. This310

leads to the equalization of inter-pulse distances and harmonic311

mode-locking [27]. Conversely, if the velocity drifts are directed312

rightwards (towards t→+�), the slower first pulse is ‘caught up’313

by the faster second pulse, resulting in pulse attraction. Our find-314

ings demonstrate that the GDR-induced group-velocity drifts315

can be manipulated by modifying the polarization settings of the316

NPE mode-locked fiber laser. By adjusting polarization angles317

θ and ϕ one can control the forces of soliton interaction, such318

as converting soliton repulsion into attraction. This newfound319

aspect of the GDR soliton interaction provides an explanation320

for the transitions between multisoliton complexes that occur321

when the polarization settings of the NPE mode-locked fiber322

laser are altered.323

We consider a pair of examples of forming various soliton324

ensembles influenced by the GDR effects in our numerical325

model. The first example relates to soliton repulsion, defined326

by polarization settings that lead to positive group-velocity drift327

θ = 1.03, ϕ = 2.0. Here, the initial conditions involve four328

solitons with non-periodic positions in the cavity, with initial329

inter-pulse time distances of T1 = 205.36 ps, T2 = T3 = T4 =330

150 ps. The final results do not depend on phase relation between331

the initial pulses. Fig. 5(a) shows the evolution of the soliton332

arrangement in the fiber cavity under the GDR-induced soliton333

repulsion. During this evolution and after tens of thousands334

of cavity roundtrips, the repelling pulses eventually distribute335

evenly throughout the cavity (Fig. 5(b)), i.e., the jumps in gain336

depletion Δgi are equalized, inducing the alignment of drift337

velocities and the shift of the spectrum of each of the individual338

pulses towards a common center of mass (Fig. 5(d)). As one can339

see, the spectrum shape is close to the spectrum of single soliton340

with positive Δu−1
g .341

We should also emphasize that the scales of the GDR-342

interaction that we study are not limited to hundreds of ps and343

we are exploring global long-range interactions on the scale of344

the entire cavity (up to hundreds of ns and more). The fact that345

inter-pulse distances of up to hundreds of ps are considered in346

the presented numerical modeling is only due to the restricted347

capabilities of simulator, but even at these limited scales, the348

GDR mechanism can dominate over direct DW interaction.349

Thus, we have additionally performed a series of numerical350

simulations of the interaction of several pulses, in which, for351

comparison, the effect of time-dependent gain was completely352

“turned off” (Fig. 5(c)). Slightly oscillating pulse trajectories353

demonstrate that under considered conditions the intensity of354

the direct DW interaction mechanism is negligible comparing355

to the GDR-interaction.356

Subsequent example focuses on soliton attraction scenario357

(Fig. 6). Fig. 6(a) shows the intracavity dynamics of two solitons358

Fig. 5. Numerical simulation of the harmonic mode-locking of four repelling
pulses. Polarization settings areθ = 1.03, ϕ = 2.0. (a) Field evolution within
the cavity (left); the arrangement of the solitons (blue solid lines) and the
time-dependent gain (dashed lines) after 20 000 cavity roundtrips (right). For
convenience, the pulses evolution is shown in a moving coordinate frame.
(b) Changes of the inter-pulse time distances. The black dashed line shows
the inter-pulse time distance corresponding to the HML state. The colored
dashed lines show the changes of the inter-pulse time distances when the
time-dependent gain is “turned off”. (c) Field evolution within the cavity when
the time-dependent gain is “turned off”. (d) The spectrum of the single pulse
corresponding to the HML state. The dashed line shows the spectrum of the
single pulse in Fig. 5(c).

Fig. 6. (a) Numerical simulation of attraction of two solitons. Field evolution
within the cavity. The polarization settings are θ = 0.9, ϕ = 2.53. (b) Field
evolution within the cavity with the same polarization settings, but the time-
dependent gain is “turned off”. (c) The spectrum of the bound soliton state in
the final of evolution in Fig. 6(a). (d) The spectrum of the single attracting pulse
in Fig. 6(a). The dashed line shows the spectrum of the single pulse in Fig. 6(b).

under polarization settings θ = 0.9, ϕ = 2.53, which induce 359

negative group-velocity drift due to the cooperative action of 360

the GDR and DW. Initially, the solitons are subject to an at- 361

tractive force, drawing them closer. After about thousands of 362

cavity roundtrips, the distance between the solitons decreases, 363

and as the pulses gradually approach each other, the attractive 364
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forces and the repelling forces induced by the direct DW-365

interaction eventually balance out. This results in two soli-366

tons co-propagating with a slightly oscillating inter-pulse time367

distance, approximately equating to tens of soliton durations,368

thereby forming a loosely bound soliton state. The change of369

the phase difference between initial pulses leads only to some370

variation of the oscillation period and inter-pulse distance in final371

bound soliton state without affecting the mutual pulse attraction372

at the first stage. The spectrum shape of the single pulse in the373

stage of attraction (Fig. 6(d)) is close to the spectrum of sin-374

gle soliton with negative group-velocity drift. Ultimately, after375

formation of the bound state, the drift velocities become almost376

equal and the pulses form the joint spectrum with interference377

fringes typical for a bound state of the solitons (Fig. 6(c)).378

For comparison, the Fig. 6(b) demonstrates the evolution of379

two pulses when the effect of time-dependent gain is completely380

“turned off”. In this case, the pulses can interact only through the381

direct DW-interaction. Despite the fact that the spectrum of inter-382

acting pulses differs from that shown in Fig. 5(d) (compare with383

Fig. 6(d)), one can see that the intensity of direct DW-interaction384

is still insufficient for the mutual pulse attraction or repulsion,385

emphasizing the fundamental importance of considering effect386

of time-dependent gain.387

VI. DISCUSSION AND CONCLUSION388

In this study, we have examined the long-range soliton in-389

teractions in a soliton fiber laser mode-locked by nonlinear390

polarization evolution (NPE), with a particular focus on the391

interactions induced by the Gain Depletion and Recovery (GDR)392

mechanism. A unique aspect of our approach is the considera-393

tion of effects related to the generation of resonant dispersive394

waves, which form soliton pedestals and can be manipulated via395

polarization settings. Our findings indicate that the generation of396

dispersive waves (DW) significantly influences the GDR soliton397

interaction process. Conventionally, it has been believed that398

the GDR mechanism imparts a positive group-velocity drift to399

propagating pulses, leading to a harmonic mode-locking state in400

the laser [27]. However, our research suggests that under certain401

conditions, the combined effect of the GDR mechanism and402

DW generation can induce a negative group velocity drift in403

solitons, significantly altering the collective dynamics of solitons404

within the cavity. These conditions involve the formation of405

an intense, inhomogeneous soliton pedestal that influences the406

soliton phase. Crucially, the shape of this soliton pedestal can407

be modulated by adjusting the polarization settings of the NPE408

mode-locked laser. We believe that the shape of pulse spectrum409

can serve as a distinctive marker of the result of cooperative410

GDR+DW action on the pulse. The soliton spectrum with411

pronounced Kelly sidebands with large frequency detuningsΩK412

is typical for the case of substantial group velocity difference413

between the soliton and DW: Δu−1
DW ≈ |β2|ΩK . At this point,414

the soliton energy significantly exceeds the energy of the DW415

and dynamics of the system is entirely determined by the soliton416

acquiring a positive group-velocity drift under the action of the417

GDR. Conversely, flat-topped spectrum corresponding to a soli-418

ton with Kelly sidebands located at small frequency detunings419

ΩK is a sign of possible negative group velocity drift, which can 420

be induced by the GDR through ‘red’ shift of the Kelly sidebands 421

and efficient FWM process. 422

Through direct numerical simulations of soliton interactions 423

within the fiber cavity, we have discovered that the GDR 424

mechanism can facilitate not only soliton repulsion (in case of 425

positive group velocity drift) but also a previously unexplored 426

phenomenon of the GDR-induced soliton attraction, which cor- 427

responds to negative group velocity drift of interacting pulses. 428

We also note that the shape of the optical spectrum continues to 429

be an indicator of the interaction type. Flat-topped spectrum is 430

a characteristic of attracting pulses, while repelling pulses have 431

typical soliton spectrum with pronounced Kelly sidebands. A 432

qualitative confirmation of our results is that a number of fiber 433

laser experimental works report on the generation of a bunch 434

of mutually attracted solitons possessing flat-topped spectrum 435

with closely spaced Kelly sidebands. [47], [48], [49], [50], [51]. 436

It is also important to note the specific features of considered 437

mechanism that fundamentally distinguish it from direct DW- 438

interaction. Firstly, the mechanism mediated by the cooperative 439

action of GDR and DW acts on the scale of the entire cavity. 440

Its range is limited only by the relaxation time of ion popula- 441

tion ∼10−3 s. Secondly, the nature of the mechanism implies 442

the interaction between the soliton and DW generated by the 443

same soliton, i.e., the result of the multisoliton interaction is 444

independent on phase difference between the interacting pulses. 445

Our simulations further reveal that, in a fiber laser model 446

with GDR interaction, the initial soliton group can evolve into 447

various types of multisoliton ensembles, depending on the polar- 448

ization settings. These ensembles can be a stationary harmonic 449

mode-locking (HML) state, or form complex bound solitons. 450

We propose that the full spectrum of multisoliton dynamics 451

can be uncovered by exploring a wide range of intermediate 452

polarization settings. These settings regulate the intensity of 453

interacting forces among solitons in the model of the soliton 454

fiber laser with the GDR interaction. Therefore, our results 455

lay a foundation for understanding the effects and transitions 456

between different multisoliton formations that occur due to 457

changes in polarization settings. This understanding enhances 458

our knowledge of the processes occurring in the cavity of the 459

NPE mode-locked fiber soliton lasers. 460

APPENDIX 461

NUMERICAL MODEL OF THE NPE MODE-LOCKED FIBER 462

LASER WITH TIME-DEPENDENT GAIN 463

The numerical simulations employ a configuration of a fiber 464

ring laser, which includes a gain medium, a polarization con- 465

troller (PC), a segment of passive single-mode fiber (SMF), a 466

polarizer, and an output coupler. We assume linear polarization 467

of light in the gain fiber, while the light in the SMF can have 468

elliptical polarization. The optical field amplitude’s evolution in 469

the gain fiber of length la is governed by the generalized NLS 470

equation: 471

∂A

∂z
− i

β2g

2

∂2A

∂t2
− iγg|A|2A =

gA

2
+

g

2Ω2
g

∂2A

∂t2
, (1A)
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where, A is the complex amplitude of the linearly polarized472

electric field in the gain fiber, z is the coordinate along the473

fiber, β2g is the group velocity dispersion (GVD) of the fiber,474

and γg is the Kerr nonlinearity of the gain fiber. The gain spectral475

filtering is centered at the wavelength λ0 and employed in476

parabolic approximation with the FWHM gain line bandwidth477

Ωg . The saturated time-independent gain g is averaged over the478

simulation window and is expressed as479

g(z, t) = g(z) = g0 exp

(
− 1

Eg

∫ τwin

0

|A(z, t)|2dt
)

(2A)

where g0 is a small signal gain and Eg is the gain saturation480

energy determined by the pump power, τwin is the width of481

the simulation window. At the output of the gain fiber, the482

polarization state of light inside the passive fiber (SMF) is483

set by the polarization controller (PC) asAx = A cos θ, Ay =484

A sin θ expΔφ, where θ is the angle between the polarization485

direction of the input light and the fast axis of the SMF, which486

can be tuned by adjusting the PC, Δφ is the birefringence of the487

PC.488

The light propagation in the birefringent passive single-mode489

fiber (SMF) of length lSMF is described by the two coupled490

nonlinear Schrodinger equations:491

∂AX

∂z
− i

Δβ

2
AX + δ

∂AX

∂t
− i

β2

2

∂2AX

∂t2

− iγ

(
|AX |2 + 2

3
|AY |2

)
AX − i

3
γA∗

XA2
Y = 0,

∂AY

∂z
+ i

Δβ

2
AY − δ

∂AY

∂t
− i

β2

2

∂2AY

∂t2

− iγ

(
|AY |2 + 2

3
|AX |2

)
AY − i

3
γA∗

Y A
2
X = 0, (3A)

where AX and AY are the field amplitudes of two polariza-492

tion components, Δβ = 2π/LB – birefringence of the SMF,493

δ = Δβ/ω0, ω0 = 2πc/λ0. The effects of cross-modulation and494

four-wave mixing are taken into account by the third and fourth495

terms in (3A). To avoid the effects associated with the fiber496

cavity inhomogeneity, the gain fiber and the SMF are assumed497

to have the same nonlinearity γg = γ and GVD β2g = β2. Fi-498

nally, the polarizer returns the state of linear polarization A =499

Ax cosϕ +Ay sinϕ, whereϕ is the polarizer orientation angle.500

The block combining the PC, birefringent SMF and the polarizer501

operates as a saturable absorber. Its transmission involving NPE502

is a function of the input signal power |A|2 that at a certain503

set of parameters ensures the laser mode-locking, providing504

the generation of an ultrashort pulse [43]. All the linear losses505

experienced by the signal within the cavity are taken into account506

as the local losses in the output coupler described by its power507

transmission coefficient ρ2: A′ = ρA.508

The key feature of the numerical model is consideration of509

the GDR effects introduced by the time-dependent gain factor510

gTD(t), which is determined by the standard rate equation511

dgTD

dt
=

gTD0 − gTD

τg
− gTD|A(z, t)|2

Eg
, (4A)

TABLE I
THE SYSTEM PARAMETERS USED IN SIMULATIONS

where τg – is the relaxation time of the gain medium; gTD0 << 512

g0– is the initial level of unsaturated time-dependent gain. 513

Comparing the system with and without time-dependent gain 514

gTD(t) we should correct the spectrally limited gain value g 515

asg′ = g − gm/2, where gm – is the maximum value of the 516

time-dependent gain gTD(t); g′, g are the spectrally limited gain 517

factors for the system with and without the time-dependent gain, 518

respectively. 519

The most of cavity parameters used for calculations are typical 520

for the real fiber laser of telecom range on the base of Er-doped 521

gain fiber and listed in Table I. 522

Periodic boundary conditions with window size τwin = 214 · 523

0.01 ps · k (k is the number of simulated pulses in the cavity) 524

consisting of 214·k points are used for simulation. In this instance 525

the value of τwin corresponds to the fundamental period of the 526

cavity TR. Note that for real lasers, the values of the parameters 527

τg and TR exceed the selected ones by a factor of thousands. 528

It has been done to speed up the simulation. Nevertheless, the 529

choice fully satisfies the necessary condition TR<<τg and is 530

adequate to describe the soliton interaction through the GDR. 531
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