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Excitation of Ultraslow High-q Surface Plasmon Polariton
Modes in Dense Arrays of Double-Walled Carbon Nanotubes

Alexey S. Kadochkin,* Sergey G. Moiseev, Vyacheslav V. Svetukhin, Alexander N. Saurov,
and Igor O. Zolotovskii

This work explores the plasmonic properties of parallel double-walled carbon
nanotube arrays. It is shown that ultraslow surface plasmon polariton (SPP)
modes possessing a phase velocity some orders of magnitude lower than the
speed of light in vacuum and high Q-factor can be generated in such arrays. It
is demonstrated that nonrelativistic electron beams with the velocity less than
106 m s−1 can be used to excite SPPs in arrays of double-walled carbon
nanotubes. For the SPP modes excited by an electron beam, the frequency
range of SPP waves and electron beam velocities corresponding to the phase
matching within a wide frequency range are determined. It opens the way to
design slow-wave structures based on the dense arrays of multiwalled carbon
nanotubes employing an efficient energy transfer from the pump to the SPPs.

1. Introduction

Due to high demand in THz sources for spectroscopic and med-
ical applications, elaboration of THz generators has become one
of the most rapidly growing fields.[1–3] Arrays of parallel car-
bon nanotubes (CNTs) and nanocomposites based on them are
being enthusiastically studied as promising tool for generation
and handling of electromagnetic radiation in various frequency
ranges, from optical tomicrowave.[4–12] CNT arrays are effectively
exploited for fabrication of radiation absorbers,[6,9] sensors,[13]

thermal emitters,[4,10] signal processing devices,[5,11] terahertz,
and IR emitters.[12]
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Recently, it has been shown that CNTs
can be considered as a plasmonic waveg-
uide enabling propagation of an ultra-
slow surface electromagnetic wave (with
the effective refractive index> 100) in the
THz range.[14,15] Such ultraslow modes
cannot be excited in CNT by an external
electromagnetic wave using standard op-
tical schemes due to a high effective re-
fractive index of ultraslow waves prop-
agating in CNTs. However, they could
be generated and amplified through the
injection of electron beams propagating
along the parallel CNTs.[16] For an effec-
tive interaction between the electromag-
netic radiation and injected current, the
phase matching between the amplified

wave and carrier velocity has to be provided. The interaction
mechanism, in this case, is similar to that in a traveling wave
tube.[17,18] One-dimensional nature of CNT used as a waveguide
limits the phase space for charge carriers, thus strongly reducing
the scattering and increasing mobility of the carriers,[19] enables
phase matching due to high charge carrier velocity.
Diverse fabrication technologies have been elaborated for ar-

rays of single-[4,5] andmultiwalled[6–8] CNTs (SWCNTs andMWC-
NTs respectively) with controllable parameters. Commonly, the
fabricated CNT arrays (unless special efforts are made[20]) are
multiwalled[21,22] and the chirality cannot be set to their layers in
advance and often is unknown. To date, the plasmonic properties
of the MWCNT have not been widely discussed in the literature.
There are only a few studies (see, e.g., ref. [23]) offering rather
a sophisticated theory hardly applicable to predict the plasmonic
properties of MWCNT arrays in practices. In the present work,
the plasmonic properties of dense MWCNT arrays are explored
and a simple electromagnetic model of CNT array taking into ac-
count their main structural properties is proposed.

2. MWCNT Conductivity Model

A key issue in the study of MWCNT plasmonic properties is elab-
oration of the model able to describe their conductivity. Various
models, in particular, the effective medium model,[6] ab initio
models[14,23] taking into account, to different extent, an effect of
the CNT array structural properties on their conductivity have
been proposed to describe MWCNT properties. The structure of
MWCNTs has been thoroughly studied by the X-ray diffraction
methods. MWCNTs are thought as hollow or solid cylinders
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with the diameters ranging from some nanometers to some tens
of nanometers with the layers spaced by the distance of 0.3–
0.4 nm.[20–22] Within the layer, there is a strong covalent bonding
between carbon atoms, whereas atomic interaction between the
layers is due to the weaker van der Waals forces[24] slightly affect-
ing the electron shells and band structure of individual graphene
layers composing a MWCNT.[25] The interlayer conductivity of
MWCNTs is explored experimentally[26,27]. It has been shown
that the static conductivity along the layers is much higher
than the interlayer conductivity.[26] An effect of CNT structural
properties, in particular, chirality on the plasmonic properties of
single-walled CNTs has been studied using the random phase
approximation method.[25,28] It has been shown that the plas-
monic properties of doped CNT are determined mainly by the
concentration of free carriers and by some definite doping level
are almost independent of chirality and CNT conductivity type
(semiconductor or metal) determined by the band structure.[25,28]

Besides, the curvature of CNT walls (rolled graphene layer) has
almost no effect on the band structure in CNTs with a diameter
much larger than 1 nm.[25,28] Thus, to simulate the plasmonic
properties of doped (CNTdopingmethods arewidely represented
in the literature, see for example[29,30]) CNTswith a large diameter
the conductivity calculated for graphene can be used[31–33]:

𝜎(𝜔) = 𝜎inter(𝜔) + 𝜎intra(𝜔)

𝜎intra(𝜔) =
2ie2kBT

𝜋ℏ2 (𝜔 + i𝜏−1)
ln

[
2 cosh

(
𝜇

2kBT

)]

𝜎inter(𝜔) = e2

4𝜋ℏ

[
𝜋

2
+ arctan

(
ℏ𝜔 − 2𝜇
2kBT

)

− i
2
ln

(ℏ𝜔 + 2𝜇)2

(ℏ𝜔 − 2𝜇)2 + (2kBT)
2

]
(1)

In Equation (1), 𝜎inter and 𝜎inter are the contribution of inter-
and intraband transitions, e is the electron charge, ℏ is the Planck
constant, kB is the Boltzmann constant, T is the temperature, 𝜇 is
the graphene chemical potential, 𝜏is the average lifetime of car-
riers. For numerical calculations, the following parameters are
taken: T = 300 K, 𝜇 = 0.2 eV, and 2𝜋ℏ∕𝜏 = 0.1meV.[34] The used
value of chemical potential of doped graphene corresponds to the
surface concentration of carriers n = 1.2 1013 cM–2[31] and corre-
sponds to one extra charge carrier per thousand carbon atoms.
At the frequencies of some tens of THz, the intraband

term𝜎intradominates in Equation (1). At low temperatures, when
𝜇 >> kT [31] (it is the case for the used 𝜇 and T), Equation (1) is
reduced to the well-known Drude-like formula widely used for
characterization of CNT conductivity in THz range[35]:

𝜎intra = ie2 |𝜇|
𝜋ℏ2 (𝜔 + i𝜏−1)

(2)

Therefore, to study the plasmonic properties of doped
MWCNT with a diameter of about 10 nm, it is reasonable to as-
sume a CNT as a set of infinitesimally thin layers independently
placed one into another with the layer conductivity determined
by Equation (1). A more detailed discussion of this issue will be
published elsewhere.

3. SPP Dispersion Dependences in Double-Walled
Carbon Nanotubes (DWCNTs)

The dispersion dependences of surface plasmonwaves have been
studied in MWCNT arrays (Figure 1) using the conductivity
model described by Equation (1). In terms of the model used,
MWCNTs are complex waveguides formed as a set of conduct-
ing surfaces. Due to variety of surface plasmon modes in MWC-
NTs, their analysis is fairly difficult. Therefore, we will restrict
our attention to double-walled carbon nanotubes (DWCNTs) as
the simplest MWCNTs exhibiting the main features of interac-
tion between MWCNTs and electromagnetic radiation.
To plot the dispersion curves for surface plasmon polariton

(SPP) we use the modal analysis performed with the COMSOL
Multiphysics software. To perform modal analysis we have used
2D model with periodic boundary conditions in x and y direc-
tions proposed in[36] (inset in Figure 1). Using this model one
can solve the eigenvalue problem for the given geometry and
boundary conditions, i.e., to find the complex mode propagation
constant 𝛽 = 𝛽′ − i𝛽′′ (here, 𝛽′is the SPP propagation constant,
𝛽′′is the attenuation constant) for a given frequency𝜔. Figure 2a
shows the real and imaginary parts of the SPP complex propa-
gation constant 𝛽 as the functions of frequency. Negative values
of 𝛽′′correspond to the SPP attenuation during the propagation
along the DWCNT axis. DWCNT arrays are modeled using the
periodic boundary conditions for each unit cell as shown in Fig-
ure 1.
The cross-sections of plasmon modes in arrays of single- and

double-walled CNTs are given in Figure 2b. The dispersive de-
pendences of surface waves propagating in a single SWCNT have
been highlighted in our previous studies.[15,36] One can see that in
a SWCNT themode field is concentrated near the surface exhibit-
ing an exponential decrease with the distance from its walls in
radial direction (Figure 2b, inset 1). DWCNT also supports prop-
agation of the similar modes with the field concentrated near the
outer layer and mainly outside the layer (Figure 2b, inset 2). The
dispersion curves describing suchmode are given in Figure 2a by
the black dash-dotted (𝛽′) and dashed (𝛽′′) curves. Such SWCNT-
likemodes can provide the SPP effective refractive index (deceler-
ation coefficient) of about 100 and a high attenuation coefficient
of about 108 m−1 in a wide frequency range. The observed high
attenuation coefficient in such modes is due to effective interac-
tion of wide exponential mode “tails” with the conducting walls
of neighboring CNTs in the array. As a result, the SPP attenua-
tion coefficient in the array of such CNTs is one or two orders of
magnitude higher in absolute value than in a single CNT. One
can see (Figure 2a) that in such modes the Q-factor determined
as

Q =
|||| 𝛽

′

𝛽′′

|||| (3)

is as small as ≈1. These features make such modes unsuitable
for applications in slow-wave systems.
The most interesting specific features of the DWCNT modes

are associated with the presence of interlayer SPP modes en-
abling a strong confinement of the field between the layers (Fig-
ure 2b, inset 3) and thus providing a high deceleration coeffi-
cient at a relatively low absorption coefficient (|𝛽′′| ∼ 106 m−1)
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Figure 1. Schematic of DWCNT array: nanotubes in the array are irradiated by an electron beam. DWCNT parameters: outer diameter d = 10 nm,
interlayer distance = 0.34 nm, array constant = 3d. The refractive index of a substrate is equal to one in numerical calculations. Electron beam should
be periodically repeated due to periodic boundary conditions in xy-plane but is schematically shown only at one carbon nanotube (CNT) of the array.

Figure 2. a) Dispersion curves for SPPs propagating in double-walled carbon nanotubes (CNTs; insets are the absolute value of electric field strength
over the CNT cross-section for different SPP modes. b) The absolute value of electric field strength (in a.u.) of the azimuthally symmetric surface wave:
(1) single-walled CNT (frequency 75 THz), (2) double-walled CNT (frequency 75 THz), and (3) double-walled CNT, interlayer mode (frequency 100 THz).
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Figure 3. a) Group velocity (solid line) and phase velocity (dashed line) of SPP propagating in the DWCNT array for interlayer mode (Figure 2b, inset
3); b) Q-factor of interlayer mode in DWCNT (Figure 2b, inset 3).

at the frequencies up to 40–50 THz. Besides, due to the strong
SPP confinement between layers in such modes the neighbor-
ing DWCNTs have almost no effect on each other. Thus, dense
DWCNT arrays ensuring an effective conversion of the external
pump energy into the SPP energy could be employed for design
of slow-wave structures.
The devices based on the interaction between the SPP and drift

current[15,36–39] exploit the electric field longitudinal component
inherent to the interlayer modes. The parameter characterizing
domination of the longitudinal field component[15]

𝜂 =
||Ez||2||Ex||2 + |||Ey|||2 + ||Ez||2 (4)

ranges for interlayer modes from 0.85 to 0.65 within the fre-
quency range of 20–60 THz allowing interaction of the SPP lon-
gitudinal field component with both a drift current in the config-
uration proposed elsewhere[15,36] and an electron beam.[40]

The group and phase velocities corresponding to the funda-
mental interlayer mode (Figure 2b, inset 3) are shown in Fig-
ure 3. Within the frequency range of 0–78 THz, the group ve-
locity is a positive function of the frequency. Importantly, in the
frequency range from 10 to 75 THz phase velocity is almost lin-
ear and changes from 7 × 105 m s−1 to 4 × 105 m s−1 thus pro-
viding an effective refractive index (the deceleration coefficient)
lying within the range of 430–750. Such deceleration enables ef-
fective interaction of the SPP with the drift current running with
the velocity of 0.5−1 × 106 m s−1 through the CNT,[41,42] i.e., the
phase matching can be achieved. Thus, DWCNTs are promis-
ing for application in devices employing an interaction between
the SPP and drift current. The theoretical formalism elaborated
elsewhere[39,43] and our previous studies[15,36] can be used for this
purpose.

4. Electron Beam Pumping

An excitation of SPP is a challenge in nanoplasmonics.[44,45] The
use of the charged particle beams for pumping of the structure is

one of the SPP excitation method.[46–51] In contrast to the pump-
ing by the drift current,[15,37] the electron beam pumping does not
employ electrical contacts. In comparison with the optical pump-
ing, this method avoids using the prisms or diffraction gratings
introducing the light into the structure.[52,53]

A 3D model has been used to demonstrate plasmon excitation
by an electron beam, schematic of the problem studied is shown
in Figure 1. Boundary conditions along x and y directions are pe-
riodic (inset in Figure 1). The length of CNT in numerical sim-
ulation has been set to 1 μm (that is several wavelengths for the
longest SPP wavelength in simulation), at the both ends of CNTs
the perfectly matched layer (PML) boundary conditions has been
used. Thus in fact, along z direction the CNT can be considered
as infinite, and there are no reflections of SPP from its ends in
our model.
An efficiency of SPP excitation by the electron beams is deter-

mined by the electron beam effective radius characterizing the
distance the electron beam is still interacting with the SPP. This
distance can be qualitatively estimated using the following con-
sideration: a beam of electrons moving at the velocity v along the
z axis is described by a current density[48,49]

J(r, t) = êz𝜌v𝛿(x, y)𝛿(z − vt) (5)

where êz is the unit vector along z, 𝜌 is the charge density, 𝛿 is
the delta function. SPPs are excited by the electric field induced
by the electron beam (5). The z-component of the electron beam
field is assumed to decrease exponentially in the transverse di-
rection as e−k⊥r ,where r is cylindrical coordinate, k⊥is determined
as[48]:

k⊥ = 𝜔

√
1
v2p

− 1
v2

(6)

where vp is the phase velocity of SPP interacting with an electron
beam. At vp < v, k⊥ is a real value, i.e., the electric field of the
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Figure 4. a) The SPP propagation constant (colored curves) and the spectral density of the electron energy losses (black curves) in DWCNT array. Curves
(1) and (2) show the energy spectral density of electron beam losses (10). Straight lines (3) and (4) correspond to the current provided by electrons
moving at velocities v= 0.67× 106 m s−1 and v= 1.0× 106 m s−1, respectively. Insets (5) and (6) show the distribution of the z-component of electric field
excited by an electron beam at frequencies of 15 and 65 THz, respectively. b,c) The electric field distribution (in a.u.) over the transverse cross-section
of DWCNT at the frequencies of 15 THz (b) and 65 THz (c). The energy losses of the exciting SPP electron beam shown in Figure 4a are calculated per
unit carbon nanotube (CNT) length.

electron beam decays exponentially in the transverse direction.
So, the electron beam effective radius can be given as:

re ∼
1
k⊥

= 1
𝜔

vpv√
v2 − v2p

(7)

One can see that re → ∞ at 𝜈 → vp,, i.e., when the velocities are
matched. It means that the electrons moving at the velocity equal
to the SPP phase velocity can effectively transfer energy to SPP.
Since the velocity of free electrons v can be varied by tuning the
accelerating voltage within a wide range, this solution simplifies
the matching of the SPP and electron velocities in comparison
with the drift current pumping[15,36,37] commonly used for this
purpose.
The current (5) associated with the electron beam induces an

electric field with the vector potentialA determined by the expres-
sion:

(
∇2 + 𝜀k20

)
A(r,𝜔) = −𝜇0J(r,𝜔) (8)

where 𝜀 is relative permittivity of themedium. The SPP excitation
efficiency can be estimated taking into account the energy loss of
an electron moving along the nanotube[47,48]:

WEEL = − 1
𝜋 ∫ d𝜔 Re

[
J∗1(r,𝜔) ⋅ E

ind
z (r,𝜔)

]
(9)

where J1(r,𝜔) is the Fourier component of the electron current
(5), the relation

− 1
𝜋
Re

[
J∗1(r,𝜔) ⋅ E

ind
z (r,𝜔)

]
(10)

is the spectral density of the electron energy losses,

J1(r,𝜔) = J1(r,𝜔)êz = êz
(
𝜌𝛿(r0)e

i 𝜔
v
z + J′

)
= êz

(
J0 + J′

)
(11)

Eindz (r,𝜔) is the electric field induced by the current J1(r,𝜔) at
the location of electron, r0 is the distance from the CNT axis to
the electron beam. Integration in (9) is performed over the whole
frequency range 𝜔. Expression (11) differs from the relation de-
scribed elsewhere[48] by an additional term responsible for the
SPP electric field feedback to the electron beam determined by
the expression[17,18]:

𝜕2J′

𝜕z2
+ 2i𝛽e

𝜕J′

𝜕z
− (𝛽2e − 𝛽2p )J

′ = i
𝛽eJ0
2V0

Ez (12)

where 𝛽e = 𝜔∕v, 𝛽p = 𝜔p∕vp, 𝜔p is the plasma frequency, V0 is the
voltage accelerating an electron beam.

5. Results and Discussion

The Fourier spectrum of electron beam energy losses (10) is
shown in Figure 4a by lines (1) and (2). The straight lines (3) and
(4) correspond to the current provided by electrons moving at dif-
ferent velocities (v = 0.67 × 106 m s−1 and v = 1.0 × 106 m s−1,
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respectively). Intersection points of the straight lines with the dis-
persion curves (colored lines in Figure 4a) are the phase match-
ing points. Once the phasematching of SPP and electron beam is
achieved, the SPP with the corresponding propagation constant
is excited in a DWCNT. A high peak in the frequency range of
0–20 THz registered at the electron beam velocity v = 0.67 × 106

m s−1 (Figure 4a line (2)) is the region where the phase matching
is satisfied not only at one point but within the 0–20 THz fre-
quency range due to vicinity of the SPP dispersion curve in this
range to a straight line passing through the origin of coordinates.
In this case, an azimuthally symmetric mode with low losses is
excited in the CNT (Figure 4b), the peak height is determined by
the highQ-factor (about 100 at low frequencies, see Figure 3b) of
this mode described by expression (3).
Importantly, the calculated spectrum is complex and not

completely determined by the phase matching condition. It is
due to the fact that the electron beam excites not only the CNT
eigenmodes described by dispersion relations (Figure 2). In our
consideration, the electron beam exciting the SPP is always par-
allel to the CNT axis (Figure 1), whereas its position with respect
to the CNT axis and walls could be different. Figure 4a–c (insets)
illustrates a general case when the beam is outside the DWCNT
and near its surface. One can see that when the CNT eigenmode
is excited, the exciting field asymmetry does not affect the excited
mode structure (Figure 4b). However, in the frequency range of
50–80 THz, one broad peak of energy loss spectral density almost
independent of the electron beam velocity is observed for all elec-
tron beam velocities (Figure 4a) instead ofmany resonance peaks
corresponding to the phase matching to the CNT eigenmodes.
The nature of this broad maximum could be explained by the
fact that the electron beam in the considered geometry excites an
asymmetric wave not in the whole cross-section but only in some
part of the CNT (Figure 4c), thus a wave is not a CNT eigenmode.
Unlike the eigenmodes, this surface wave does not exhibit a
resonant character of propagation in the azimuthal direction[54]

resulting in appearance of a broad nonresonant maximum. In
general, the high Q-factor resonant modes possess the highest
intensities due to the positive feedback provided by the SPP
excited by an electron beam to the electron beam (12), whereas
the lower Q-factor eigenmodes are hidden by the nonresonant
losses. Thus, most of the electron beam energy is pumped into
the azimuthally symmetric mode with low losses (Figure 4b),
whereas modes of the higher azimuthal order possess signifi-
cantly lower Q-factor and cannot ensure such an efficient energy
pumping.[36,54] The principal difference in behavior of the modes
with different Q-factors is known in laser technology: lower
Q-factor modes provide far weaker positive feedback.[55]

6. Conclusion

A simple model describing a DWCNT array has been proposed.
It is shown that the highQ-factor highly confined SPPmodes can
exist in such arrays. Excitation of the surface plasmon modes by
an electron beam has been investigated. The spectral density of
electron beam energy transferred to the DWCNT modes is ob-
tained by numerical calculations. We have determined the fre-
quency range of SPP and electron beam velocities enabling the
phase matching and efficient energy transfer within a wide fre-
quency range. It has been shown that an efficient energy transfer

is provided by a linear part of the dispersion curve near the ori-
gin of coordinates. Thus, to satisfy the phase matching within
a wide frequency range a proper electron velocity has to be pro-
vided in the experiment. All this contributes to elaboration of the
slow-wave structures based on the dense arrays of double-walled
CNTs enabling efficient conversion of the pump energy into the
SPP energy.
Phase-matching simultaneously satisfied for a large array of

parallel CNTs could be used for design of the IR- and THz gener-
ators based on the same operation principle as a traveling wave
tube or the so-called O-type generators directly pumped by the
injected or drift currents. In this case, the nonrelativistic electron
beams with a speed less than 106 m s−1 could be employed for
pumping. Since the interaction with the electron beam occurs
over the entire area of the CNT array, the proposed slow-wave
structrure is not limited in dimension in the transverse direction
thus it allows scaling the pump currents and, hence, adjustment
of the generated power.
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